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ABSTRACT
The goal of elastography is to map the mechanical properties of soft tissues asso-
ciated with health and disease. The mechanical property of interest in this work is
the complex shear modulus, composed of a real part, the storage modulus, which is a
measure of elasticity, and an imaginary part, the loss modulus, which is a measure of
viscosity. Together, they determine the speed and attenuation of shear waves in the
medium. Elastography techniques based on either ultrasound imaging or MRI can
image shear wave propagation and thus are capable of measuring shear wave speed
and attenuation.
Dispersion, or the frequency-dependence of material parameters, is a primary
confounding factor when comparing measurements between different shear wave elas-
tography implementations. Prior attempts at quantifying this frequency-dependence
suffered from inaccurate modeling assumptions and low signal-to-noise ratios (SNR).
vii
To overcome these limitations, a high-fidelity forward model of shear wave propaga-
tion in homogeneous media was developed. The model is an exact semi-analytical
solution of Navier’s equation and is well-suited for acoustic radiation force impulse
shear wave elastography (ARFI-SWE) because it does not require precise knowledge
of the strength of the source, nor its spatial or temporal distribution. Unlike models
used in ARFI-SWE heretofore, it accounts for the vector polarization of shear waves
and exactly represents geometric spreading of the shear wavefield, whether spheri-
cal, cylindrical, or neither. Furthermore, it is material-model independent, i.e. it
makes no assumption about the frequency-dependence of material parameters. It
overcomes the problem of low SNR through spatial averaging and enables estima-
tion of the frequency-dependent complex shear modulus over a wider frequency range
than has hitherto been possible. This improved ARFI-SWE was named Shear Wave
Rheometry (SWR). By combining SWR with a novel torsional vibration rheometry,
dispersion in tissue-mimicking gels was quantified from 1–1800 Hz. The measure-
ments show sizable frequency-dependent variation in the shear modulus of gelatin,
a material often assumed to be non-dispersive based on narrow-band measurements.
SWR measurements in ex vivo bovine liver tissue yielded complex shear modulus
estimates from 25–250 Hz and showed that liver tissue exhibits significant dispersion
in this frequency range: a factor of 4 increase in the storage modulus and a factor of
10 increase in the loss modulus. Quality metrics showed that liver tissue can be rea-
sonably approximated as homogeneous and isotropic for ARFI-SWE measurements
in this frequency range.
Results demonstrate that accounting for dispersion is essential for meaningful
comparisons of measurements between systems. Moreover, improved tissue charac-
terization enabled by SWR may have clinical relevance, for example, in the diagnosis
and monitoring of chronic liver disease.
viii
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1Chapter 1
Introduction
Chapter Summary
• Elastography is an imaging modality based on the mechanical properties of
tissue. It can serve as a diagnostic and treatment-monitoring tool. Elastography
techniques that use shear wave propagation to estimate tissue properties are
collectively known as shear wave elastography (SWE).
• Different SWE techniques operate at different frequencies but most SWE pro-
tocols do not account for viscoelasticity and dispersion, i.e. the frequency-
dependence of material properties. This confounds direct comparisons between
elastography systems and complicates the standardization of clinical protocols.
• Dispersion characteristics of soft tissues may be clinically relevant. For example,
this additional information has the potential to distinguish between the different
etiologies of chronic liver disease which is a heterogeneous malignancy.
• Prior attempts at characterizing dispersion in soft tissues suffer from inaccurate
modeling assumptions and low signal-to-noise ratios. In this thesis, two novel
rheometry techniques for measuring dispersion are developed and measurements
in tissue-mimicking gelatin and ex-vivo bovine liver are presented.
21.1 What is Elastography?
You should put your finger on it; you should palpate his belly.
The Medical Papyri of ancient Egypt (3000-1200 BC) 1
For centuries, physicians have relied upon their sense of touch as a valuable di-
agnostic tool. The presence of stiffer tissue often presents a warning sign of disease
processes such as inflammation, cancer, or fibrosis. During open surgery, surgeons use
their sense of touch to assess organs, identify the edges of tumors, and to locate hid-
den blood vessels or other anatomical structures. This procedure, based on the sense
of touch, is called palpation. The efficacy of palpation is based on the observation
that different tissues have different mechanical properties (Sarvazyan et al., 1998),
and that even within a particular tissue type, pathology can significantly affect its
mechanical properties. A widely known use of palpation is in the detection of breast
cancer – by feeling for the presence of stiff lumps in otherwise soft tissue during a
clinical breast examination (Mangione, 2000).
Palpation has several limitations. Palpation is most practical in superficial organs,
such as the breast and thyroid and difficult in internal organs (Mangione, 2000). Cir-
rhosis of the liver is a condition recognized by a significant increase in the stiffness of
liver tissue, yet the liver is difficult to palpate, especially in obese patients. Palpation
is also limited by the touch sensitivity and experience of the practitioner (Mangione,
2000). Furthermore, it is qualitative but not quantitative, i.e. it does not allow for
cross-comparing results between patients, nor does it allow for precisely monitoring
a tumor or organ over time. Therefore, an objective adjunct to palpation, especially
one that is quantitative, is clinically beneficial.
Elastography (Ophir et al., 1991) or biomechanical imaging (Barbone and Oberai,
1Egyptian Medicine Presentation, Slide 29. A mention of finger-based palpation is also found in
the Kahun Medical Papyrus or Gynecological Papyrus (translation by Stephen Quirke).
32010) is an approach that can be thought of as a measurement-based counterpart
to palpation. The goal in elastography is to noninvasively assess the mechanical
properties of tissues, and in most cases, to do so quantitatively.
Tissue mechanical properties do have valuable diagnostic implications. Many
breast cancers, for example, are first detected using palpation, and some tumors de-
tected using palpation are difficult to distinguish with mammography. Conventional
medical imaging techniques, such as X-ray based mammography and computed to-
mography (CT), positron-emission tomography (PET), magnetic resonance imaging
(MRI), and ultrasonography, are incapable of depicting the properties that are felt
by palpation. Biopsy remains the gold standard for diagnosis in most diseases, in
spite of its many drawbacks: It is painfully invasive, it can lead to complications, it
is expensive, and it is prone to sampling error.
There is reason to believe that an imaging technique capable of measuring tissue
mechanical properties can be quite sensitive to disease related changes in these prop-
erties. In engineering terms, the tissue characteristics that are sensed using palpation
are most closely related to a property called the shear modulus. It is a measure of the
tissue’s rigidity, or resistance to shape change. From mechanical testing of ex-vivo
tissue samples, it has been shown that some tissue mechanical properties, such as the
shear modulus, vary over several orders of magnitude between different tissue types
(Sarvazyan et al., 1998), and between healthy and diseased tissue states. For example,
the stiffness of breast tumors is roughly 3-10 times higher than the surrounding tissue
(Wellman et al., 1999). Other examples of diseases producing abnormal mechanical
properties include emphysema, edema, atherosclerosis, fibrosis, chronic liver disease,
local and diffuse coronary disease, and deep vein thrombosis.
The range of variation in tissue shear modulus is compared in Fig. 1·1 to the
source of contrast in other biomedical imaging techniques including MRI (magnetic
4properties), CT (X-ray absorption) and ultrasonography (acoustic impedance, which
is governed by the bulk modulus and density). As seen in the figure, the T1 relaxation
rate, X-ray attenuation coefficient, and the bulk modulus of soft tissues vary over,
at most, about one order of magnitude, while the shear modulus varies over several
orders of magnitude (Venkatesh and Ehman, 2014). Of course, the quality of medical
images generated depend also on the sensitivity of the detection mechanism used, and
so these parameter ranges are not directly representative of the performance of the
imaging modalities. They do, however, serve to show the medical imaging potential
of elastography. Elastography is therefore rapidly emerging as a complementary, and
has the potential to become the primary tool in the physicians toolbox.
1.2 Overview of Elastography Techniques
Several elastography techniques have been demonstrated in the literature over the
last two decades (Parker et al., 2011). All of these techniques, typically consist of
three steps: first, some type of excitation is used to produce tissue deformation; then
a conventional medical imaging method, like ultrasound or MRI, is used to measure
this deformation field; and finally, an image representing the elastic properties of the
tissue, is created. In most cases, the last step consists of solving an inverse problem
to estimate mechanical properties from the measured deformation field.
The mechanical excitation can be either static or dynamic, and it can produced in
a number of different ways: manually applied pressure, by using a shaker or vibrating
device, using ultrasound-based acoustic radiation force, or simply by using the natural
physiological motions induced by breathing and the heart-beat. Likewise, the tissue
deformation can be estimated based on images produced using ultrasound, MRI,
X-ray CT, or another imaging modality. The inverse problem can be solved using
several solution techniques. Each of these variations leads to a specific elastography
5Figure 1·1: A comparison of tissue properties that generate contrast
in medical imaging modalities. The T1 relaxation rate used in MRI,
X-ray attenuation coefficient used in CT, and bulk modulus used in
ultrasonography vary over about one order of magnitude, while the
shear modulus, typically used in elastography, varies over several orders
of magnitude. Image Source: Venkatesh and Ehman (2014)
6Figure 1·2: Classification of elastography techniques based on the
three steps typically involved. The choices made in each of the three
steps lead to a particular elastography technique. For example, acoustic
radiation force impulse-based shear wave elastography (ARFI-SWE)
uses an external, dynamic, transient excitation, high-speed ultrasound
imaging, and yields a quantitative estimate of shear properties in the
medium. Image Source: Mariappan et al. (2010).
technique, each with its own strengths and weaknesses. This classification is shown
graphically in Fig. 1·2.
1.2.1 Mechanical Excitation
The applied tissue displacement can be either static or dynamic in nature. Static
deformation fields lead to a family of techniques that are called quasi-static elastog-
raphy. An example of quasi-static elastography is strain elastography which produces
images of the strain field, sometimes known as strain elastograms, induced by gentle
compression of the tissue. Most techniques based on dynamic excitation use shear
waves as the basis for parameter estimation and are collectively known as shear wave
7elastography (SWE). SWE is the primary focus of the present work, but there are
dynamic elastography techniques that are based on waves other than shear waves, for
example, surface waves and Lamb waves are used in estimating bladder stiffness in
urology and cervical stiffness is gynecology.
1.2.2 Imaging modality and deformation field
Ultrasound and MRI are the two most commonly used imaging modalities although
there are elastography techniques based on other imaging modalities, such as, X-ray
CT and optical coherence tomography (OCT). Ultrasound imaging is safe, relatively
inexpensive, and is well-suited for soft-tissue imaging. Moreover, it is capable of the
high frame rates needed for measuring dynamic deformation, so it is the most popular
choice for both quasi-static and dynamic elastography techniques. MRI, though more
expensive and slower, has excellent soft-tissue contrast and is not hampered by the
presence of bone like ultrasound is. As a result, it is the modality of choice for
elastography of the human brain.
1.2.3 Biomechanical Parameter Estimation: The Inverse Problem
An inverse problem is one which is obtained by inverting the cause-effect sequence
(Tarantola, 2005). A forward problem is a problem which consists of computing the
consequences of known causes; the corresponding inverse problem therefore, consists
of finding the unknown causes of the known consequences. In elastography, the un-
known causes are the tissues mechanical properties and the known consequences are
the measured deformations. The forward problem, which is oriented along the cause-
effect sequence, is thus also a problem directed towards a loss of information, i.e. its
solution defines a transition from higher information content (the causes) to lower
information content (the consequences). In solving the inverse problem, therefore, we
attempt a transformation that amounts to a gain in information; i.e. we attempt to
8deduce more information than may be present in the available data. To do so, we
must combine the information contained in the measured data with other sources of
information, or as in most cases, some assumptions. This loss of information in the
forward problem explains why inverse problems are typically ill-posed. Mathematical
formulations that attempt to overcome these computational difficulties are an active
area of research in the engineering and applied mathematics community (Barbone
and Oberai, 2010).
1.2.4 The biggest subset: Shear Wave Elastography
A large subset of dynamic elastography techniques that use shear wave propagation
as the basis for the estimation of material parameters are collectively referred to as
shear wave elastography (SWE). The first step in SWE is the excitation of a shear
wave, which can be either a transient wave or a steady-state harmonic wavefield.
Many shear wave excitation mechanisms have been tried (Parker et al., 2011), in-
cluding mechanical shakers, acoustic radiation force, finger taps, and even, passive
motion from physiological activity such as breathing, heart beats and blood flow. As
mentioned earlier, the most commonly used modalities to measure shear deforma-
tions are MRI and ultrasound. The third step, i.e. the inversion technique used to
estimate material parameters also differs vastly between techniques(Doyley, 2012),
further adding to the heterogeneity in the methods and results obtained, even within
this subset of elastography techniques.
The most common ultrasound-based SWE technique uses an acoustic radiation
force impulse (ARFI) to generate a transient shear wave. The shear wave is then
tracked using high-speed ultrasound imaging, often using the same transducer that
was used to generate the shear disturbance. This technique is known as ARFI-
SWE. Commercial implementations of ARFI-SWE are already available from most
9major manufacturers of ultrasound imaging systems, including, GE, Siemens and
Philips, and from some specialized systems such as Supersonic Imagine. A custom
implementation of ARFI-SWE on a research ultrasound system was the primary
technique used for the results reported in this thesis.
1.3 Applications of Elastography
The potential of elastography has attracted the attention of researchers around the
world, who are evaluating its application to pathology in a myriad of organs including
the liver, breast, prostate, heart, blood vessels, kidneys, brain, thyroid, pancreas, and
the spleen (Barr, 2017).
1.3.1 Diagnosis and Monitoring
Elastography is already being used clinically for the assessment of breast cancer and
liver fibrosis. Quantitative elastography techniques have an advantage over conven-
tional medical imaging techniques: They may allow a physician to measure and track
changes in the tissue’s mechanical properties over time. This can be important both
in early detection as well as in monitoring a disease over time. For instance, chronic
liver disease (explained in detail in subsection 1.3.4) is associated with fibrosis, which
is an excessive accumulation of extra-cellular matrix proteins, thereby gradually in-
creasing the stiffness of the liver. Monitoring the shear modulus of liver tissue can
thus help in tracking the progression (or treatment based regression) of the disease.
In breast cancer applications, elastography has been shown to increase diagnostic
specificity, i.e. to distinguish malignant tumors from benign ones (Barr, 2010). This
is important because most lumps (8 out of 10 according to webmd.com, Nov. 23, 2018
and breastcancer.org, Nov. 23, 2018) found in breasts are not cancerous, often lead-
ing to unnecessary biopsies (Mangione, 2000). Other advantages of elastography over
10
traditional imaging and diagnosis methods include reduced operator dependence (im-
proved reproducibility) and increased precision in identification of tumor and tissue
boundaries (segmentation).
1.3.2 Use in Image Guided Therapy
Elastography-based imaging is also being evaluated for use in minimally -invasive
and noninvasive image-guided therapy (IGT). Elastography imaging can serve as a
surgeons eyes and fingers during treatments where interventionalists use instruments
that fit through one or more small incisions in the patients skin. Non-invasive surgical
treatment methods, such as, high intensity focused ultrasound (HIFU) used in the
treatment of uterine fibroids, and tumors in the prostate and breast, etc. also rely
on imaging to locate and precisely target the diseased tissue. In IGT, it is important
to see the instruments, the lesion/target, and changes to the lesion/target. This can
be achieved using traditional medical imaging mechanisms, such as, attenuation in
CT, relaxation times in MRI, or acoustic impedance in US, or less traditional ones,
such as, temperature in MR-Thermometry. In cases where these contrast mechanisms
prove insufficient, however, the change in mechanical properties that occurs when a
lesion/target is treated can be used for monitoring the effect of the treatment. For
example, elastography based tracking of tissue properties may assist in monitoring
ablation treatments using HIFU and other treatment options like microwave, cryo-
or RF-ablation (Dewall and Varghese, 2012).
1.3.3 Understanding Mechanobiology
As mentioned earlier, biological processes can affect the mechanical behavior of tis-
sues. Somewhat less appreciated is that mechanical processes can, in turn, alter the
biological behavior of tissues. Bone, for example, can change in shape, density, and
stiffness, to adapt to changes in its mechanical loading (Turner and Pavalko, 1998).
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Cells in soft tissues respond to mechanical loading as well and can change in structure,
composition and function (Wang and Thampatty, 2006). This phenomenon, termed
mechanobiology, is currently under active study. These studies are, in part, motivated
by the potential role of mechanobiology in the feedback cycle that leads to unchecked
tumor growth in cancer. It appears that elevated tissue stiffness, usually thought of
as a side-effect of malignancy, can, in turn, promote malignant behavior (Paszek and
Weaver, 2004). Elastography techniques to quantitatively assess tissue properties in
vivo can aid in understanding the mechanobiology of this behavior, thus adding to
our fundamental understanding of how changes in the mechanical environment can
be related to states of health and disease.
1.3.4 Clinical Application Example: Chronic Liver Disease
The liver is a large solid organ located in the upper right portion of the abdomen
protected by the rib cage. The liver is also considered a gland because it makes and
secretes bile, which is a yellow-green fluid that helps in the digestion of lipids. In
addition, the liver plays an important role in many bodily functions which include
protein synthesis, storage of glycogen, blood clotting, and the metabolism of choles-
terol, glucose, and iron (Widmaier et al., 2014). The liver is also responsible for waste
removal, such as toxins and medicines.
Liver disease, also referred to as hepatic2 disease, is any disturbance of liver func-
tion that causes illness. Chronic liver disease, or CLD, refers to a disease process
which causes damage to the liver parenchyma over a long period of time. It includes
a variety of disease mechanisms that include inflammation (chronic hepatitis), fibrosis
and cancer (hepatocellular carcinoma).
The causes of CLD include several viruses, like Hepatitis B and C; some drugs,
2from Latin hepaticus, Greek hepatikos, hepar, hepat - ‘liver’ (Merriam-Webster)
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like acetaminophen and methotrexate; long-term toxic substance abuse, like alco-
holism; metabolic problems that lead to, for example, non-alcoholic fatty liver dis-
ease (NAFLD) and non-alcoholic steatohepatitis (NASH); and autoimmune disorders
like primary biliary cholangitis or primary sclerosing cholangitis. Usually, more than
three-quarters of liver tissue needs to be affected before a decrease in liver function
occurs. CLD is, therefore, often asymptomatic in its early stages. The end stage in
CLD, from any set of causes, is cirrhosis of the liver, also known as advanced chronic
liver disease, or ACLD.
Cirrhosis affected about 2.8 million people worldwide in 2015 and resulted in 1.3
million deaths (Wang et al., 2016), (Vos et al., 2016). In the same year, cirrhosis and
CLD were the 12th leading cause of death in the United States, accounting for 40,326
deaths (Murphy et al., 2017). This number represents an increase of 3.8% in 2015
relative to 2014. Males have a significantly higher death rate from CLD than females
(Male-to-Female deaths ratio, 1.9). In Europe and the US, cirrhosis is the third to
fifth leading cause of death in men over the age of 50 years (Bosch et al., 2009).
The liver has two different sources of blood supply – please refer to Fig. 1·3 which
shows the internal anatomy of the human liver. The hepatic artery supplies oxygen
rich blood from the heart to the liver, while the portal vein brings in blood from the
intestine and the spleen. Normally, veins return blood from the body to the heart,
but the portal vein brings blood from the digestive tract into the liver for processing
and filtering prior to entering general circulation. The portal vein also delivers the
chemicals and nutrients that liver cells need to produce proteins, cholesterol, and
glycogen required for physiological activities. Filtered blood leaves the liver through
the hepatic veins which drain into the inferior vena cava which then delivers it back
to the heart.
Portal Hypertension (PH) is a severe complication of CLD. It is defined as a patho-
13
Figure 1·3: Internal Anatomy of the human liver showing blood ves-
sels and bile ducts. Note that the unlabelled organ in military green is
the gall bladder. Source: MediVisuals Inc. (obtained from MadeInKib-
era.com)
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logical increase in the portal venous pressure (Bosch et al., 2009). Portal pressure is
the product of two independent factors: the volume of blood flow and the resistance
to blood flow passing through the liver (Berzigotti, 2017):
Pressure = Resistance× Flow. (1.1)
In this relationship, Pressure likely refers to the pressure drop across the liver. In
western countries, nearly 90% of the cases of PH are caused by an increased resistance
to blood flow, a consequence of cirrhosis (Berzigotti, 2017). The clinical manifesta-
tions of cirrhosis occur due to liver insufficiency and/or portal hypertension and its
hemodynamic effects (Berzigotti and Bosch, 2018).
The favored method for estimating portal venous pressure is via catheterization of
the hepatic vein and measurement of the hepatic venous pressure gradient (HVPG)
(Bosch et al., 2009). HVPG is one of the best indicators of CLD; it is a measure
of disease severity and is a predictor of disease outcome (Bosch et al., 2009). Direct
measurement of the portal pressure is possible but is even more invasive and is used
only in specific cases. Complications of cirrhosis can be prevented by preventing the
portal pressure from increasing above certain thresholds (Berzigotti and Bosch, 2018).
An HVPG of 1–5 mmHg is considered normal; 6–9 mmHg defines subclinical PH; and
an HVPG≥ 10 mmHg represents the clinically significant threshold (Berzigotti, 2017).
No noninvasive alternative to measuring HVPG is currently available.
The gold standard methods for diagnosing cirrhosis and portal hypertension are
liver biopsy, endoscopy, HVPG, or other hepatic hemodynamic techniques (Berzig-
otti and Bosch, 2018). These are all invasive and carry the risk of complications.
Moreover, they are expensive and need specific expertise available only in specialized
centers. Thus they cannot be routinely used. There is therefore an interest in iden-
tifying noninvasive methods for safely and accurately predicting the presence and
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degree of CLD and PH. As fibrosis leads to progressively increasing liver stiffness,
elastography is under active investigation. Both ultrasound and MR-based SWE
techniques for liver stiffness measurement (LSM) have been shown to be capable of
staging fibrosis grades, usually designated from F0 to F4, in the liver (Dhyani et al.,
2017). As mentioned earlier, several of these are already clinically available.
Liver stiffness measurement (LSM) may also provide an indirect measurement
of resistance to blood flow through the liver, and thereby a surrogate for the mea-
surement HVPG. Vizzutti et al. (2007) found excellent correlation between transient
elastography based LSM and HVPG, up to HVPG values of 10–12 mmHg. For HVPG
values greater than 12 mmHg, Berzigotti and Bosch (2018) reported that elastographic
measurement of spleen stiffness may provide information about the degree of PH.
Several other noninvasive techniques for assessing CLD have been proposed. These
include numerous multi-component diagnostic scores such as Fatty Liver Index (FLI),
NAFLD Liver Fat Score, Lipid Accumulation Product (LAP), etc., and several imaging-
based methods such as quantitative tissue characterization using ultrasound (QUS),
CT and MR imaging (Machado and Cortez-Pinto, 2013). Noninvasive methods for
assessing PH include doppler and contrast-enhanced ultrasonography for PH and
subharmonic-aided pressure estimation (SHAPE) (Berzigotti and Bosch, 2018). The
presence of a vast number of tests suggests that the ideal noninvasive test has not been
found yet (Machado and Cortez-Pinto, 2013). Elastography is already in clinical use
for selecting the minority of patients really in need of liver biopsy and thus avoiding
this invasive procedure in a large number of cases (Machado and Cortez-Pinto, 2013).
Further improvements in SWE techniques are thus likely to play an important role
in the diagnosis and monitoring of CLD.
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1.4 Motivation for Studying Dispersion
Many elastography methods are quantitative in nature, but the parameter estimates
reported by different elastography techniques are often not in agreement. Sometimes
this is because different techniques measure different properties expressed in different
units. However, even when the same parameters in the same units are compared, sub-
stantial differences in the parameter estimates are observed. Appendix A attempts
to clarify the different mechanical properties and symbols used in the elastography
literature and explains the choices made in this thesis. The hypothesis motivating
the present work was that the dispersive nature of tissues, along with the fact that
different techniques operate at different frequencies, may explain the observed dis-
crepancies. A second motivating factor is that the dispersion characteristics of soft
tissues, i.e. the shape of the frequency-dependence, may have diagnostic value and
thus be clinically relevant. This second point is further explained in the context of
chronic liver disease.
1.4.1 Disagreement between Elastography Techniques
SWE techniques typically report one of two related parameters, the shear wave speed
in, or the shear modulus of, the medium under investigation. Estimates of these
parameters obtained from different SWE implementations exhibit statistically signif-
icant variation in both phantom studies (Oudry et al., 2014), (Mulabecirovic et al.,
2016), (Franchi-Abella et al., 2017) and clinical applications (Ferraioli et al., 2014).
This confounds direct comparisons between techniques and systems, raises questions
about the accuracy of the methodology, and hinders clinical adoption of these tech-
niques (Ferraioli et al., 2014), (Schmeltzer and Talwalkar, 2011).
For example, most commercially available ARFI-SWE systems measure the speed
at which a shear disturbance travels in the medium. Based on this speed, they some-
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times also report shear modulus estimates under the assumption of a purely elastic
material model. Soft tissues, however, exhibit viscoelastic behavior (Chen et al.,
2009), (Nightingale et al., 2015), and their material properties, including the shear
wave speed, are frequency dependent. The speed at which a broadband shear dis-
turbance travels is thus a group speed, and depends on the frequency-content of the
shear disturbance. We hypothesize that different SWE systems operate at differ-
ent frequencies. For example, MRE typically operates at a chosen single frequency,
typically 50–60 Hz. The shear disturbance in ARFI-SWE is composed of a range
of temporal frequencies, typically in the hundreds of Hz. Dispersion is therefore a
key confounding factor when comparing results between techniques or even within
different implementations of the same technique.
Much effort has been dedicated to the problem of variability across SWE tech-
niques and devices. In 2007, the Radiological Society of North America (RSNA)
organized the Quantitative Imaging Biomarkers Alliance (QIBA, 2017) to unite re-
searchers, health care professionals, and the industry, to advance quantitative imag-
ing. The stated QIBA mission was: ‘To improve the value and practicality of quanti-
tative imaging biomarkers by reducing variability across devices, patients, and time.’
The alliance included the Ultrasound Shear Wave Speed Technical Committee which
is developing a protocol to allow direct comparison of shear wave speed measure-
ments across systems. This committee performed an inter-laboratory study (Hall
et al., 2013) of shear wave speed estimation using both commercial and research sys-
tems across 15 sites and 11 pairs of homogeneous elastic phantoms. They reported
inter-system variability of less than “5−12%” [sic], but found bias in shear wave speed
measurements as a function of imaging depth. A more recent Phase II study (Palmeri
et al., 2015) using three viscoelastic phantoms reported inter-system variability of up
to 17.7% at an imaging depth of 7 cm. While sources of system dependent bias and
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uncertainty in ultrasonic SWE with typical liver imaging parameters were reviewed
in Deng et al. (2016) and estimated to be less than 3%, that study focused on purely
elastic media where dispersion is not a concern. The higher variability for viscoelastic
media compared to elastic ones, therefore, implicates the possible role of dispersion.
Several other studies have been aimed at comparing elastography techniques.
Oudry et al. (2014) compared four techniques, namely, quasi-static compression, dy-
namic mechanical analysis, vibration controlled transient elastography and hyper fre-
quency viscoelastic spectroscopy, and found significant variance and bias across the
measurements, which they speculated was due to dispersion. Indeed, different tech-
niques/vendors often correspond to mechanical excitation at different frequencies,
possibly explaining, in part, the observed discrepancies. Mulabecirovic et al. (2016)
assessed strain and shear wave elastography performance in calibrated gel phantoms
with inclusions (CIRS®, Norfolk, VA, USA) and found good intra- and inter-observer
repeatability within individual techniques but significant biases (-30–+40%) off ex-
pected values in the SWE systems. A similar later study (Franchi-Abella et al., 2017)
also reported inconsistencies and biases in SWE systems depending upon the posi-
tion of the region of interest (ROI) and the target stiffness. Okamoto et al. (2011)
compared magnetic resonance elastography (MRE) measurements in the 100-400 Hz
frequency range to a novel dynamic shear test (20-200 Hz range) and found reason-
able agreement in the shear storage modulus estimates (about 10% variation) but
significant differences in the shear loss modulus estimates. Kishimoto et al. (2017)
compared ultrasound-based point SWE and MRE to rheometry on 5 homogeneous
phantoms and found a relative difference between -25% to +25% in shear wave speed
estimates. Zhao et al. (2014) compared results from ultrasound-based ARFI-SWE to
those from MRE at 60 Hz on 50 liver patients. They found good correlation between
the computed shear modulus values from both methods, however, the shear modulus
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Figure 1·4: Magnetic resonance elastography (MRE) and ultrasound
(US)-based shear wave elastography measurement results in 49 patients.
The linear fit shows correlation (r = 0.86), however, note that the US
estimates are approximately a factor of two higher than the MRE ones.
. Source: Zhao et al. (2014)
.
estimates from US measurements were twice as high as the MRE-derived estimates,
as shown in Fig. 1·4.
In all of these cases, dispersion may be the primary confounding factor responsible
for the different values reported by different systems and techniques.
1.4.2 Potential Clinical Relevance of Dispersion
It has been observed that dispersion is relevant to fibrosis staging in CLD. Nightingale
et al. (2015) found that the optimal shear wave speed threshold for separating fibrosis
stage F2 from F3 varied from 1.8 m/s to 3.3 m/s over the frequency range from 0–
400 Hz. Though this study was based on a linear dispersion model of shear wave
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speed, the potentially richer shape and characteristics of the frequency-dependence of
a tissue’s material properties may be indicative of its specific diseased state, and thus
have diagnostic utility. Currently, however, SWE based monitoring of CLD is based
primarily on the measurement of a single parameter, either shear wave speed or the
elastic shear modulus. SWE measurements in this thesis and other studies reported
in the literature (Deffieux et al., 2009; Ormachea et al., 2016, 2018) confirm the
presence of appreciable dispersion in liver tissue. This implies that a single parameter
is insufficient to unambiguously describe the tissue’s shear behavior.
Cirrhosis of the liver, an end-result of CLD, is a heterogeneous disease - a review of
118 studies showed that median survival times ranged widely from as short as 1 month
to 186 months, or over 15 years (D’Amico et al., 2006). Given the heterogeneous
morphology seen in CLD (Anthony et al., 1977), any additional information about
tissue mechanical behavior, over and above a single real shear wave speed estimate,
has the potential to be diagnostically useful.
Research is ongoing to assess the clinical relevance of dispersion measurements.
An US-based SWE study in male rats with varying degrees of fibrosis and necroin-
flammation induced in their livers (Sugimoto et al., 2018), found that shear wave
speed [m/s] was significantly related to the degree of fibrosis while dispersion slope
[m/s/kHz] was a more useful predictor of necroinflammation. The changing com-
position of liver tissue, such as accumulation of fat, may also lead to differences in
dispersive behavior; dispersion measurements could thus help in the assessment of
NAFLD and NASH.
1.5 Prior Work on Measuring Dispersion
Most US-based SWE techniques are based on measuring the speed of a transient
shear disturbance. The disturbance is usually impulsive and thus broadband in its
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spectrum. As a result, the speed measured is a group speed, which in a dispersive
medium can be substantially different from the frequency-dependent phase speed.
Several past studies have reported techniques for the estimation of phase speed in
homogeneous dispersive media. Deffieux et al. (2009) measured ARFI-excited shear
waves in the livers of three healthy volunteers and estimated the phase speeds between
85–400 Hz as shown in Fig. 1·5. These estimates were obtained by estimating the
linear slope of the shear wave phase vs. lateral propagation distance based on a far-
field assumption and the assumption of a direction of propagation (perpendicular to
the transducer axis). This technique, named Shear Wave Spectroscopy (SWS), was
also demonstrated in human muscle tissue. A different approach, named Shear wave
Dispersion Ultrasound Vibrometry (SDUV), which uses two ultrasound transducers,
was described in Chen et al. (2009). One transducer produces a harmonic shear
wave excitation and a second transducer detects the phase of the shear wave at two
locations a few mm apart, giving an estimate of shear wave phase speed at that
frequency. This assumes a direction of propagation, lateral to the transducer axes,
and no reflections. The bandwidth reported was 200–500 Hz. They fitted a Kelvin-
Voigt viscoelastic material model to the phase speed measurements in that range and
reported the storage and loss shear moduli in muscle and liver tissue.
Rouze et al. (2016) described a method to determine the stiffness and viscosity
of homogeneous viscoelastic materials by measuring two group shear wave speeds,
one determined using the shear wave particle displacement field and one from the
particle velocity field. They argued that, since the particle velocities are slightly
up-shifted in frequency, the difference in these two group speed estimates is a direct
first-order measure of material viscosity. They employed a Kelvin-Voigt viscoelastic
material model fit to the media they measured, i.e. one elastic and three viscoelastic
phantoms, using the two group speed estimates and a look-up table. The shear wave
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Figure 1·5: Shear wave speed estimates in the livers of three healthy
volunteers measured using shear wave spectroscopy. Source: Deffieux
et al. (2009).
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propagation model used for the look-up table is based on cylindrical propagation from
an infinite line source.
Ormachea et al. (2016) compared dispersion results from three measurements
techniques in ex vivo bovine liver tissue: (1) Crawling Wave Sonoelastography (CWS
or CrWS) from 40–280 Hz, (2) Single tracking location (STL) SWE (Elegbe and
McAleavey, 2013) from 120–380 Hz and (3) independent mechanical measurement.
By combining these methods, they obtained shear wave speed estimates over a broad
frequency range from 40–380 Hz as shown in Fig. 1·6. Mechanical measurements
were based on fitting the stress relaxation curve of custom-cut cylindrical samples
to a KelvinVoigt Fractional Derivative (KVFD) model. STL-SWE based dispersion
estimation was based on an assumption of plane-wave propagation in the far field. In
CWS, two vibration sources, at slightly different frequencies, are placed at opposite
ends of the sample, resulting in an interference pattern that is not stationary. The
speed of this apparently slowly moving pattern (named crawling wave) was shown to
be proportional to the shear wave speed in the medium (Wu et al., 2004).
Shear Wave Spectroscopy (SWS) was extended by Kazemirad et al. (2016) and
Budelli et al. (2016) to also estimate the shear loss modulus in viscoelastic phantoms
by fitting the amplitude decay of the shear wave vs. lateral propagation distance.
Nenadic et al. (2017) and Rouze et al. (2017) also derived shear wave attenuation
estimates using a 2D Fourier transform in time and the lateral direction, and named
their method, attenuation measuring ultrasound shear wave elastography (AMUSE).
Both approaches assume a lateral direction of propagation of the shear wave. Also,
shear waves attenuate due to both material damping and geometric spreading. To es-
timate the attenuation caused by the medium, therefore, geometrical spreading must
be taken into account. These, and other studies, have assumed spherical or cylin-
drical propagation for estimating attenuation, but ARFI-generated push excitation
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Figure 1·6: Crawling Wave Sonoelastography (CWS), Single tracking
location shear wave elasticity imaging (STL-SWEI), and mechanical
measurement in ex vivo bovine liver tissue. Source: Ormachea et al.
(2016).
is of a finite size and does not conform to either a point-source or infinitely long
line-source idealizations. As a result, the error in the attenuation estimates can be
as high as 41% (Lipman et al., 2018). Moreover, the two assumptions, i.e. idealized
far-field propagation in the lateral direction, which are either not justified or are only
approximately justified in a small subregion of the measured shear wavefield, limit
material parameter estimation to a small subset of the measured data and make these
techniques sensitive to measurement noise.
Parker et al. (2017) proposed an elastography approach based on the limiting
case of a fully reverberant shear wave field. This approach, called reverberant shear
wave field elastography (R-SWE) was evaluated by Ormachea et al. (2018) in CIRS®
elastic and viscoelastic phantoms and human liver and breast tissues in vivo. Two
loudspeakers were used in the human liver measurement setup and shear wave speed
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Figure 1·7: Shear wave speed estimates obtained in vivo human liver
using two processing schemes for reverberant shear wave elastography.
Source: Ormachea et al. (2018).
estimates were obtained based on a KVFD model in the range 40–120 Hz as shown in
Fig. 1·7. The estimation of the shear wave attenuation coefficient and errors caused
by deviations from the ideal reverberant field was left for a future study.
In summary, prior work on characterizing dispersion in soft tissues suffers from
one or more of the following limitations:
• A viscoelastic material model is often used to represent the shear properties
of the medium under investigation, i.e. a certain predetermined frequency-
dependence of the complex shear modulus is assumed.
• Shear wave attenuation or the shear loss modulus estimation is either not at-
tempted (e.g. most instances of MRE, R-SWE, CWS, SWS, etc.) or is based
on idealized assumptions about the size, shape, and directionality of the source,
as well as, the geometric spreading of the shear wave front (SWS-extensions,
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AMUSE, etc.) leading to large biases in the estimates obtained.
• The techniques are often very sensitive to measurement noise, especially when
used with broadband excitation. Some techniques partially overcome this prob-
lem by measuring the phase speed one frequency at a time at the expense of
increasing the time needed for the measurement.
1.6 An Outline of the Thesis
The work described in this thesis can be divided into four parts that together are a
contribution toward improved capability to characterize the viscoelastic properties of
soft tissues.
First, a high-fidelity forward model of shear wave propagation from an axisymmet-
ric source was developed (Yengul et al., 2018). The model is an exact semi-analytical
solution of Navier’s equation and is well-suited for ARFI-SWE and electrode-vibration
elastography (Dewall and Varghese, 2012). This model enables an inversion scheme
for ARFI-SWE that allows estimation of the complex shear modulus, or equivalently,
the shear wave phase speed and shear attenuation, from the entire measured shear
wavefield, in a homogeneous medium. The proposed inversion scheme yields complex
shear modulus estimates over a wider frequency range, with fewer modeling assump-
tions, and achieving greater accuracy and precision than the prior work described
in section 1.5. This improved ARFI-SWE based measurement technique is referred
to as Shear Wave Rheometry or SWR in this thesis. It is described in detail in
Chapter 2.
Second, a novel Torsional Vibration Rheometry (TVR) technique was developed
which allowed larger-than-usual samples to be measured on a traditional rheometer.
Independent mechanical measurement is often used as a reference standard against
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which elastography results are validated. However, such validation efforts suffer from
a potentially important confounding factor. Standard mechanical testing methods
such as Dynamic Mechanical Analysis (DMA), rheometry, or the dynamic shear test
in Okamoto et al. (2011), typically require separate physical test samples. For ex-
ample, a thin disk is typical for rheometry, while a larger bulk sample is typically
needed for elastography. Even if both samples were manufactured with the same
recipe and production method, differences can readily emerge due to shape-related
inhomogeneities, differential rates of cooling, moisture loss, etc. Furthermore, as
shown in chapter 4, differential handling and storage of initially identical samples can
alter the properties of one sample relative to another over time. TVR addresses this
problem by allowing both mechanical testing and elastography to be performed on
the same physical sample. TVR is described in Chapter 3.
Third, TVR and Shear Wave Rheometry are used together to characterize the
frequency dependent complex shear modulus of gelatin hydrogels in a frequency range
that spans over three decades. The wide band measurement showed that both shear
storage and loss moduli exhibit significant frequency dependence even in a relatively
simple material like a gelatin hydrogel. The gelatin study is presented in chapter 4.
Fourth, the feasibility of Shear Wave Rheometry in ex-vivo bovine liver tissue
is evaluated in chapter 5. Dispersion measurements, i.e. estimates of the complex
shear modulus over a frequency range of over one decade, are presented.
The overarching message of this thesis is that accounting for dispersion is essential
for a meaningful system-independent interpretation of elastography results. The main
results and limitations of this work and are discussed in the last chapter (chapter 6)
and some potential next steps are outlined.
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Chapter 2
A Forward Model of Axisymmetric Shear
Wave Propagation suitable for ARFI-SWE
The contents of this chapter were published as an independent journal publication
(Yengul et al., 2018).1
Chapter Summary
A forward model of axisymmetric shear wave propagation based on an exact solution
of Navier’s equation in a homogeneous isotropic viscoelastic medium is presented.
It is well-suited for use in some acoustic radiation force impulse based shear wave
elastography (ARFI-SWE) applications because it does not require precise knowl-
edge of the strength of the source, nor its spatial or temporal distribution. Unlike
models used in ARFI-SWE inversion schemes heretofore, it accounts for the vector
polarization of shear waves and exactly represents geometric spreading of the shear
wavefield, whether spherical, cylindrical, or neither. Furthermore, it is material-model
independent, i.e. it makes no assumption about the frequency-dependence of mate-
rial parameters. The model was verified using simulated data and validated using
measurements in tissue-mimicking gels. An inversion scheme based on the proposed
forward model is also demonstrated. It allows estimation of the complex frequency-
1Copyright (2018) Acoustical Society of America. This content may be downloaded for personal
use only. Any other use requires prior permission of the author and the Acoustical Society of
America. The article appeared in Journal of the Acoustical Society of America, 143(6):3266–3277
and may be found here: https://asa.scitation.org/doi/abs/10.1121/1.5038568.
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dependent shear modulus of the medium with greater precision and over a wider
frequency bandwidth than previously reported inversion schemes.
2.1 Introduction
Most shear wave elastography (SWE) techniques derive material parameter estimates
based on fitting the measured shear deformation to a model of shear wave propagation.
Models used in acoustic radiation force impulse-based (ARFI-) SWE include one-
dimensional time-of-flight models, and solutions based on spherical, cylindrical, or
plane wave propagation (Catheline et al., 2004; Deffieux et al., 2009; Nenadic et al.,
2017). The fidelity of the model in representing the underlying measured phenomenon
affects the accuracy of the parameter estimates obtained. Two recent analytical
studies Rouze et al. (2015) and Lipman et al. (2018) demonstrated that large biases (as
large as 41% in shear attenuation estimates) can be introduced by incorrect modeling
assumptions in the analysis, with the size of the bias depending on the frequency, the
geometry of the excitation source and the specific material model chosen. Indeed,
material parameter estimates obtained from different ARFI-SWE implementations
exhibit statistically significant variation in both clinical applications (Ferraioli et al.,
2014) and phantom studies (Oudry et al., 2014; Franchi-Abella et al., 2017). This
confounds direct comparisons between techniques and systems, raises questions about
the accuracy of the methodology, and hinders clinical adoption of these techniques
(Ferraioli et al., 2014).
Some of the variability in ARFI-SWE derived parameter estimates may be reduced
by using forward models that more faithfully represent the vector nature of shear
wave propagation and the viscoelasticity of the medium. There are two challenges
encountered in developing a forward model of ARFI-excited shear wave propagation
in practical applications. One is that shear wave propagation in soft tissues is often
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dispersive (Parker et al., 2011) and the second is that the excitation, i.e. the source of
the shear waves, is not well-characterized and can vary from application to application,
being dependent on system settings and acoustic properties of the soft tissue/medium
under investigation.
In this chapter, a model based on a simple but general solution of Naviers equa-
tion for axisymmetric shear wave propagation in a homogeneous isotropic viscoelastic
medium is presented. It is well-suited for use as a forward model for some ARFI-SWE
applications because it overcomes the two challenges mentioned above. Dispersion is
accounted for by solving the problem in the frequency domain. That is, the shear wave
pulse is separated into its temporal frequency components and individual frequency
components are analyzed separately. Secondly, the model does not require precise
knowledge of the spatial or temporal distribution of the source, nor its strength, so
long as the source is axisymmetric.
Some past studies have reported techniques for the estimation of phase velocity in
dispersive media (Deffieux et al., 2009; Chen et al., 2009; Nightingale et al., 2015) and
a few (Nenadic et al., 2017; Kazemirad et al., 2016; Budelli et al., 2016; Rouze et al.,
2017) have also estimated the shear loss modulus (or shear attenuation). The forward
models used in these studies assume a direction of propagation (usually lateral) and
a geometric spreading correction (usually cylindrical). These assumptions are often
only approximately correct and thus can cause significant biases in the estimates
obtained (Rouze et al., 2015, 2017; Zhao et al., 2011). Moreover, because these
assumptions are justified in only a small subregion of the measured shear wavefield,
they limit material parameter estimation to a small subset of the measured data and
make these techniques sensitive to measurement noise. The proposed model accounts
for the vector polarization of shear waves and is therefore applicable to the entire
measured shear wavefield, thereby allowing the use of all available data. It also
31
exactly models the geometric spreading of the shear wavefield, whether spherical,
cylindrical, or neither. Furthermore, it makes no assumption about the frequency
dependence of material parameters, i.e. it is material-model independent.
A second key feature of the model presented is that it requires neither precise
knowledge of the spatial or temporal distribution of the source, nor its strength.
Instead, it relies on the assumptions that the source distribution is axisymmetric and
confined to a small region near the axis of symmetry, and that the medium through
which the wavefield propagates is homogeneous. This allows us to infer, from the
measured wavefield, a virtual source field that is consistent with the measurement.
Our forward solution is thus a “hybrid” model of shear wave propagation, being
a solution of the governing viscoelastic vector Navier equation that is informed by
measurement data. We present two approaches to incorporate measured data. One
of these uses the wavefield in an entire region of interest to reduce effects of noise
in the model predictions. When the propagation characteristics of the medium are
unknown a priori, our forward model can be fit to a measurement and thus the
medium parameters can be inferred.
The ultimate goal in shear wave elastography is to evaluate shear wave propa-
gation parameters. A necessary first step, however, and the focus of the current
study, was the testing of the forward model itself in how well it captured actual shear
wavefields in soft materials. The model was verified using simulated data in two
contexts: First, when the medium parameters are known a priori, and second when
they are unknown but determined as part of the data fitting process, i.e. an optimal
model-based inversion technique. For experimental validation we used shear wave-
fields measured in a gel sample. The predictions of the model were compared to the
measured wavefields and showed that the model can accurately represent essentially
all spatial features of the measurement. This qualitative impression was quantified
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through our error metrics that showed that more than 90% of the measured wavefield
“energy” was accounted for in our models. This agreement provided validation of the
proposed forward model even though the fitted shear modulus value itself could not
be independently validated.
The chapter is organized as follows. In section 2.2 the ARFI-SWE application
that motivated the development of the model is described. Then the problem is
formulated and solved to yield the forward model of viscoelastic shear wave propaga-
tion. In section 2.3, the model is both verified and validated using simulations and
measurements in soft gels. The chapter ends with a discussion (section 2.4) and a
summary (section 2.5).
2.2 Forward Model of Shear Wave Propagation
2.2.1 Motivation
We consider the physical situation corresponding to a typical ARFI-SWE implemen-
tation using a diagnostic ultrasound transducer. An ARFI-push is created by focusing
P-wave (longitudinal, or compression wave) acoustic energy from the transducer el-
ements at a desired location in the transducer’s field of view (FOV). The focus is
usually chosen along the central axis of the transducer at a desired depth. The
resulting shear wave is imaged at high frame rate using plane-wave imaging. The ac-
quired frames are used to compute a time-history of the displacement field. The fact
that high frequency P-waves (sometimes called longitudinal or dilatational waves) are
used to measure the evolving low frequency wave implies that the measured particle
velocity is due only to shear wave fields. That is, the P-wave field excited by the
ARFI-push simply moves too quickly to be captured by later P-wave imaging pulses.
Therefore, we assume we are given measurements of the shear wave displacement field
in a limited region of interest (ROI). We also assume that the axis of focus is known
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Figure 2·1: Axisymmetric Source in an unbounded homogeneous
medium. Shown is a region of interest Ω that comprises of a region,
ΩS, near the axis of symmetry that fully contains the excitation source
and a source-free region, ΩO (in color online).
to high precision and that the resulting radiation force excitation is symmetric about
this axis. Our goal is to create a mathematical model of the shear wavefield that is
consistent with both the measured data and the governing Navier equation.
2.2.2 Problem Formulation
We consider an infinite viscoelastic medium excited by an axisymmetric source con-
fined to a cylindrical region (r < r0) around the axis of symmetry; see Fig. 1. Lacking
any further information about the precise nature of the source, we restrict our atten-
tion to the source-free region ΩO(r > r0). We recall that Navier’s equation (Graff,
2012) for time-harmonic, steady-state motion in a source-free homogeneous isotropic
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elastic medium may be written as
(λ+ 2µ)∇(∇ ·U)− µ∇× (∇×U) + ρω2U = 0. (2.1)
Here, the displacement field u(x, t) has been represented in the form
u(x, t) = Re{U(x)e−iωt}. (2.2)
Here λ and µ are the Lame´ parameters, ρ is the mass density, and ω is the
angular frequency of the time-harmonic motion. In a viscoelastic medium, complex
Lame´ parameters can be used to represent the relation between the oscillating stresses
and strains (Findley et al., 1989). For example, the complex shear modulus may be
written as
µ = µ′ − iµ′′ (2.3)
where µ′ is the shear storage modulus and µ′′ is the shear loss modulus. We note that
the negative sign in eqn. (2.3) is due to the e−iωt time dependence chosen in eqn. (2.2)
and for µ′′ ≥ 0. This ensures that a propagating shear wave decays in amplitude due
to the viscous losses in the medium rather than growing in amplitude. Choosing the
opposite time dependence in eqn. (2.2) leads to the opposite sign in eqn. (2.3). If δ
is the phase lag between the shear stress and shear strain, then the ratio
tan(δ) =
µ′′
µ′
(2.4)
is a measure of the fractional energy dissipation in the medium per oscillation cycle
(Findley et al., 1989).
The Helmholtz decomposition for a vector field is
U = ∇φ+∇×Ψ, (2.5)
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which is supplemented by a gauge condition ∇ · Ψ = 0. If U satisfies Navier’s
equation for a homogeneous solid, the potentials φ and Ψ independently represent
compressional and shear waves, respectively. This is because of the vector identities:
∇× (∇φ) = 0, implying no shear, and ∇ · (∇×Ψ) = 0, implying no volume change.
Thus, they independently satisfy the scalar and vector Helmholtz equations (Graff,
2012),
∇2φ+ kp2φ = 0 (2.6)
∇2Ψ + ks2Ψ = 0. (2.7)
Here kp and ks are the wavenumbers associated with wave speeds cp and cs for the
dilatational or P-waves and the solenoidal or S-waves, respectively. They are related
by
kp =
ω
cp
and ks =
ω
cs
, cp =
√
λ+ 2µ
ρ
and cs =
√
µ
ρ
. (2.8)
Eqn. (2.8) shows that the wavenumbers and wave speeds in a viscoelastic medium
with complex elastic moduli are also complex, with real and imaginary components.
In what follows, we assume that the source excites axisymmetric wavefields for
which
φ = φ(r, z) (2.9)
Ψ = ψ(r, z)eˆθ. (2.10)
Here eˆθ is a unit vector in the azimuthal direction. In ARFI-SWE only the shear
disturbance contained in Ψ is measured. Dilatational P-waves, contained in φ, travel
much faster than the shear waves and leave the imaging FOV before the plane-wave
imaging of the shear disturbance has started. As a consequence, particle velocities
associated with the P-wave are absent from the measurements. Therefore in our
forward model we will assume ∇φ = 0.
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Moreover, only the axial, or depth, component of particle velocity is measured.
Equation (2.7) in cylindrical coordinates (r, θ, z) and with Ψ as defined in eqn. (2.10)
reduces to:
∂2ψ
∂r2
+
1
r
∂ψ
∂r
+
∂2ψ
∂z2
− 1
r2
ψ + ks
2ψ = 0. (2.11)
Substituting eqn.(2.10) in (2.5), along with ∇φ = 0, gives the radial and axial com-
ponents of the displacement field as
Ur(r, z) = −∂ψ
∂z
, (2.12a)
Uz(r, z) =
∂ψ
∂r
+
1
r
ψ. (2.12b)
Our goal is to solve eqn. (2.11) in the source-free region subject to boundary conditions
∂ψ
∂r
+
1
r0
ψ(r0, z) = U
M
z (r0, z) at r = r0, (2.13)
lim
r→∞
[r(
∂ψ
∂r
− iksψ)] = 0 as r →∞. (2.14)
Eqn. (2.13) enforces a match to UMz (r0, z) obtained from the measured wavefield.
Eqn. (2.14) is a statement of the Sommerfeld radiation condition (Pierce, 1981),which
enforces the condition that there are no sources or reflections at infinity.
2.2.3 Solution
We transform the partial differential equation (2.11) into an ordinary differential
equation by using a Fourier transform in the z-direction; i.e. we let
ψ(r, z) =
+∞∫
−∞
ψ˜(r, kz)e
ikzzdkz. (2.15)
Substituting (2.15) in (2.11) gives, for each wavenumber kz in the z-direction,
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d2ψ˜
dr2
+
1
r
dψ˜
dr
− 1
r2
ψ˜ + kr
2ψ˜ = 0. (2.16)
Here we introduced kr(w, kz) defined so that for ks and kz real,
kr =
√
k2s − k2z =
 +
√
ω2
c2s
− k2z k2z ≤ ω
2
c2s
+i
√
k2z − ω2c2s k
2
z >
ω2
c2s
. (2.17)
The right most part in eqn.(2.17) is shown for illustrating the difference between
propagating and evanescent waves. The wave components for which kr is predomi-
nantly imaginary, i.e. for k2z >
ω2
c2s
, are evanescent. They decay quickly away from the
source and are only present in the near-field, i.e. they are evanescent. Note that cs
and ks in a viscoelastic medium are, in general, complex. For complex ks, we use the
analytic continuation of the definition above. Hence kr is also, in general, complex.
A general solution satisfying eqn. (2.16) can be written using Hankel functions of
the 1st kind (Abramowitz and Stegun, 1964) as
ψ˜(r, kz) = A(kz)H
(1)
1 (krr) +B(kz)H
(2)
1 (krr). (2.18)
The outgoing boundary condition (2.14) requires B(kz) = 0. The coeffiecients A(kz)
are determined by the boundary condition at r = r0, i.e. eqn. (2.13), as follows. First
we use (2.18) in (2.15) to obtain
ψ(r, z) =
+∞∫
−∞
A(kz)H
(1)
1 (krr)e
ikzzdkz. (2.19)
Substituting (2.19) into (2.12) yields the shear wave displacement field in the region
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r ≥ r0 in terms of the coefficients A(kz) as
Ur(r, z) = −
+∞∫
−∞
ikzA(kz)H
(1)
1 (krr)e
ikzzdkz, (2.20a)
Uz(r, z) =
+∞∫
−∞
krA(kz)H
(1)
0 (krr)e
ikzzdkz. (2.20b)
The boundary condition in eqn. (2.13) requires
+∞∫
−∞
A(kz)krH
(1)
0 (krr0)e
ikzzdkz = U
M
z (r0, z). (2.21)
Taking the inverse Fourier transform of (2.21) yields
A(kz) =
1
krH
(1)
0 (krr0)
U˜Mz (r0, kz), (2.22)
where
U˜Mz (r0, kz) =
1
2pi
+∞∫
−∞
UMz (r0, z)e
−ikzzdz. (2.23)
Eqn. (2.20) with coefficients A(kz) from eqn. (2.22) represents the general axisym-
metric shear wavefield in the region r ≥ r0 that is consistent with both the governing
Navier equation (2.11) and the boundary conditions (2.13-2.14).
2.2.4 Proof of Equivalence or Uniqueness
We now show that the shear wave field computed in (2.20) can exactly represent
any shear wavefield in an unbounded homogeneous viscoelastic medium excited by
an axisymmetric source distribution that is completely contained within the region
r ≤ r0. This is because the solution that satisfies both the governing equation (2.11)
and the boundary conditions (2.13,2.14) in the source-free region ΩO is unique. To
show this, we first consider a reference shear wave field, represented by the vector
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potential Ψref , excited by an axisymmetric source S in domain Ω. As shown in
equations (2.1)-(2.7), Ψref satisfies the vector Helmholtz equation
∇2Ψref + ks2Ψref = S in Ω. (2.24)
Ψref is itself axisymmetric, so that Ψref = ψref (r, z)eˆθ, and it is subject to the
radiation boundary condition
lim
r→∞
[r(
∂ψref
∂r
− ikψref )] = 0. (2.25)
The problem of finding Ψref that satisfies equations (2.24) and (2.25) we will call
Problem 1.
We now consider a second problem, that we will call Problem 2. In Problem 2,
the source is confined to a cylindrical region r < r0. We consider a shear wavefield
represented by ΨO = ψO(r, z)eˆθ defined in the source-free region ΩO(r > r0) which
satisfies
∇2ΨO + ks2ΨO = 0 in ΩO (2.26)
ΨO = Ψref at r = r0 (2.27)
lim
r→∞
[r(
∂ψO
∂r
− iksψO)] = 0. (2.28)
Now we shall show that that ΨO, the solution of Problem 2, is equal to Ψref ,
the solution to Problem 1, where both are defined. We note that both Problem 1
defined by equations (2.24,2.25), and Problem 2 defined by equations (2.26 - 2.28),
have unique solutions (Pierce, 1981). Next we observe that since S = 0 in ΩO,
by (2.24) Ψref satisfies (2.26). Furthermore, Ψref also satisfies boundary conditions
(2.27,2.28). Therefore, Ψref is a solution to Problem 2. Since the unique solution to
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Problem 2 is ΨO, we conclude that
ΨO = Ψref in ΩO. (2.29)
This shows that no matter what axisymmetric source distribution S gives rise to Ψref ,
outside the source region, Ψref = ΨO. Conversely, since ΨO satisfies (2.26 - 2.28) and
since (2.26 - 2.28) has a unique solution, then ΨO can represent any axisymmetric
shear wavefield in ΩO.
2.2.5 Evaluating source terms using data in ΩO: Least Squares Fit
When using (2.20b) to fit measured data, the presence of noise in the measurement
at r = r0 can cause errors in the source coefficients A(kz), and thereby lead to errors
in the forward propagation model. The computation of the source coefficients can
be made more robust by replacing the boundary condition (2.13) which was enforced
at just one radial location r = r0, to that of fitting (2.20b) to the entire measured
wavefield outside of the source region. Effectively this is like attempting to enforce the
boundary condition in eqn. (2.13) at all (r ≥ r0). This leads to an over-determined
system which can be solved as a linear least squares problem with the error functional:
E(A) =
∫
r≥r0
∣∣∣U˜Mz (r, kz)− krH(1)0 (krr)A(kz)∣∣∣2 dr (2.30)
A robust estimate for the coefficients A(kz) can be obtained by minimizing E(A, kz)
considering one kz at a time, or
Aopt(kz) = arg min
A
[E(A)] (2.31)
The improved model-fitting of noisy wavefields using these optimal estimates of the
source coefficients is demonstrated in section 2.3.2, Fig. 2·2.
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2.3 Verification and Validation
In this section, we consider three example applications of the proposed model (2.20b).
We note that the coefficients A(kz) in the model are evaluated from measured wave-
fields. The data used to determine A(kz) may be corrupted by error (measurement
error, modeling error, or both). In the first example in 2.3.2, therefore, we assess the
impact on our model of noise in the measurements used to evaluate the A(kz) coeffi-
cients. In the second example in 2.3.3, we consider the case in which the propagation
speeds and loss within the medium are unknown a priori. We show that by fitting
the model (20) to the given data, the propagation speed and the shear loss modulus
in the medium can be inferred. In both of these first examples, we use simulated data
from a reference solution (in 2.3.1) that is, by construction, consistent with the orig-
inal 3D linear viscoelastic wave model from which (2.20b) was derived. In the third
example in 2.3.4, therefore, we validate the model for use in ARFI-SWE applications.
We do so by comparing (20) to ARFI-excited wavefields measured in gelatin. We
assess the fit by computing the fraction of “energy” in the measured wavefield that
is captured in the model. ‘Energy’ in a shear wavefield is defined here as a sum over
all pixels in the ROI of the squared magnitudes of shear wave particle velocity in the
wavefield. The ROI used in estimating the quality of the model-fit was the part of
the wavefield outside the source region, i.e. ΨO, where the model-fit is done. The
total shear wave energy is estimated as the sum over frequencies of the individual
shear wavefield energies.
2.3.1 Simulated Data - Reference Solution
Consider a concentrated time-harmonic force, Pe−iωteˆz, acting at the origin in an
unbounded isotropic viscoelastic medium with known material parameters. Since the
source of the motion is time-harmonic, the displacement field can be represented in
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the form u(x, t) = Re{U(x)e−iωt}. Then, similar to eqn. (2.1), U(x) is a solution of
the time-harmonic Navier equation but now with a source term
(λ+ 2µ)∇(∇.U)− µ∇× (∇×U) + ρω2U = −Pδ(x)eˆz (2.32)
subject to the Sommerfeld radiation condition given in eqn. (2.14). An analytical
solution to this problem in a purely elastic medium is available, see eqn. 8.134a in
Mal and Singh (1991) or eqns.(20,21) in Domı´nguez and Abascal (1984). This solution
can be adapted to a viscoelastic medium by the use of complex Lame´ parameters,
as mentioned earlier, and used for the verification of our proposed model. Using the
solution, the axial component of the displacement field (i.e. the displacement field in
the direction of the applied force) in the r − z plane can be written as
Uz(r, z) = U
P
z + U
S
z (2.33)
UPz (r, z) =
1
4piρω2
eikpR
R3
[k2pz
2R2 + (3
z2
R2
− 1)(ikpR− 1)] (2.34)
USz (r, z) =
1
4piρω2
eiksR
R3
[k2sR
2(1− z
2
R2
)− (3 z
2
R2
− 1)(iksR− 1)]. (2.35)
UPz is the particle displacement due to the dilatational P-wave with wavenumber kp;
USz is the particle displacement due to the solenoidal S-wave with wavenumber ks;
and R =
√
r2 + z2 is the distance from the excitation point, which is chosen to be
the origin here. As mentioned in the problem formulation in section 2.2.2, P-waves
are not present in the measured ARFI-SWE deformation field, and so in this study
we will only use the shear wavefield solution in eqn. (2.35). We note however, that
the modeling approach used in section 2.2.3 can be modified to include the presence
of P-waves in the solution if needed.
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2.3.2 Fitting Simulated Data: Known Material Parameters
The shear wavefield in eqn. (2.35) is shown graphically in Fig. 2·2(a). The wavefield
was evaluated over a 129× 101 pixel rectangular grid covering a region of size 10× 8
shear wavelengths. The voxel size, expressed in cylindrical coordinates (r, θ, z), was
thus parameterized by the shear wavelength, λ, as ∆r = 10λ/128 ≈ 0.08λ and
∆z = 8λ/100 = 0.08λ. It should be noted that while image resolution is usually
expressed in terms of the wavelength of the imaging P-waves in ultrasound imaging,
the ROI in this simulation was parameterized using the shear wavelength. Since this
is an axisymmetric wavefield, the out of plane voxel size, rdθ, is arbitrary. In an
elastic medium with shear modulus µ = 4kPa and density ρ = 1000kg/m3, the shear
wavelength at 500Hz is λ = 4mm. The simulated wavefield then has an equivalent
ROI size (width× depth) of 40× 32mm. This was roughly similar to our ARFI-SWE
measurements in soft gel shown later in Figures 2·8 and 2·9 which had an ROI size
of 38× 30mm.
We use this wavefield as the reference to demonstrate the axisymmetric shear
wave propagation model developed in Section 2.2.3. To do this, we use the wavefield
solution evaluated at r0 = λ and use that as the boundary condition in eqn. (2.13)
to compute the propagated wavefield Uz(r, z) using eqn. (2.20b). The source in this
reference solution is a point source at the origin, and so any finite r0 will completely
enclose this “source region”; we arbitrarily chose it to be one shear wavelength. This
region is demarcated in Fig. 2·2(a) by two vertical lines on either side of the axis
of symmetry. This propagated wavefied Uz is shown in Fig. 2·2(b) and its deviation
from the reference wavefield USz is shown as a percentage error in Fig. 2·2(c).
We note that the solution in eqn. (2.20) is comprised of a sum of Hankel functions,
which individually represent cylindrical or conical waves. Nevertheless, Fig. 2·2(b,c)
demonstrate that the combination can model even spherical wave propagation from
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a point source, as in this case. The modeling error shown in Fig. 2·2(c) is caused
by shear waves emanating from mirror image sources above and below the actual
source. These are an artifact of the finite range Fourier transform along z, eqn. (2.15).
This error can be reduced by increasing the z-range of the measurement, or by zero-
padding, thus moving the image sources farther from the region of interest. In the
example shown here, with a z-range of size 8λ, the propagated solution is no more than
1% different from the reference wavefield, measured as a percentage of the maximum
displacement in the source-free region.
The effect of noise in the coefficients can affect the accuracy of the model, but
apparently not too adversely. To demonstrate this we added noise to the wavefield
in Fig. 2·2(a) as shown in Fig. 2·2(d). The added noise was random, independent,
and identically distributed (IID) from pixel to pixel. The forward model was used as
before to obtain the denoised wavefield shown in Fig. 2·2(e). Further error reduction
can be achieved by using more data for the estimation of the coefficients, A(kz) in
eqn. (2.31), and thereby gaining the benefits of averaging. Fig. 2·2(g,h) show that
using all the available data in region r ≥ r0 reduces the mean deviation in the
wavefield by a factor of 2. Data from Fig. 2, at the location r = r0, are analyzed in
greater detail in Fig. 2·3.
2.3.3 Fitting Simulated Data: Unknown Material Parameters
The general solution in eqn. (2.20b) can also be applied to situations where the
propagation parameters of the medium are not known a priori, provided they are
homogeneous. We can use the model to estimate the unknown parameters using an
iterative model-based inversion technique. In particular, we can estimate the complex
shear wavenumber, ks. From ks and knowledge of both frequency, ω, and mass density,
ρ, the complex shear modulus can be computed using eqn. (2.8).
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Figure 2·2: Application of the axisymmetric propagation solution
(2.20b) to a wavefield in a medium with known material parameters.
(a) The real part of the simulated wavefield given by eqn. (2.35) with
tan(δ) = 0.1 (b) The propagated wavefield based on eqn. (2.20b). The
coefficients A(kz) are computed using eqn. (2.22) with r0 = λ. (c) The
error (a - b) in the region r > r0 expressed as a percentage of maximum
displacement. The pattern seen is caused by shear waves emanating
from the mirror-image sources above and below the actual excitation
source - an artifact of the finite range Fourier transform along z used
to compute the coefficients A(kz). In this example, the propagated
solution is no more than 1% different from the reference. Figs. (d)-(f)
are the corresponding plots for the data with added artificial noise with
a SNR=4, demonstrating an application of denoising. Fig. (f) shows
the increased deviation from the reference solution due to the noise.
This deviation can be reduced by using not just one r0 but all available
data in the region r > r0, as explained in Section 2.3.2. Figs. (g)-(h)
show the improvement in performance when all the data is used. As
shown in the table, the mean deviation is reduced by a factor of 2
approximately (in color online).
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Figure 2·3: (a) shows a line plot of the shear wave displacement, Uz,
at r = r0, from the point source solution in Fig. 2(a), the noisy data in
Figs. 2(d,e) and the model fit in Fig. 2(g) using the data in the region
r ≥ r0. (b) The z-spectrum of the corresponding displacements at
r = r0 are shown. The point source solution has a finite and symmetric
spectrum centered at the origin (or kz = 0). The noisy data consists
of a broadband noise spectrum superimposed on the exact solution, as
expected. The model fit using all data in the region r ≥ r0 rejects much
of the noise spectrum which is random in nature and does not conform
to Navier’s equation. As seen in the error plots in Figs. 2(f,h) the model
fit using all the data (h) is thus much better at noise rejection than the
fit using a single radial location (f) (in color online).
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The approach we take is to find the complex wavenumber ks that achieves the
best match between the given wavefield, UMz (r, z) and the forward propagated model,
Uz, obtained using eqn. (2.20b). To do so, we minimize the normalized cost function,
C(ks) =
∫
ΩO
∣∣UMz (r, z)− Uz(r, z; ks)∣∣2 drdz∫
ΩO
|UMz (r, z)|2 drdz
(2.36)
We note that (2.36) is closely related to the error functional (2.30) which was
defined for each individual z−wavenumber, kz. However, it should be noted that
(2.30) is used to determine the optimal coefficients, A(kz), for a given ks – this
procedure being a part of the forward model. In the inversion, the optimal ks is
determined by minimizing (2.36) iteratively in three steps: (i) Choose radius r0 and
an initial guess for Re(ks), Im(ks). (ii) For the current guess, ks, evaluate A by
minimizing (2.30) with respect to A. (iii) Iteratively update ks to minimize (2.36).
The minimization was performed using the routine fminsearch in the Optimization
Toolbox in MATLAB (Mathworks Inc., Natick, MA, USA). The result is a set of two
real positive numbers [Re(ks), Im(ks)], that together form the complex wavenumber
ks, which when used with the model (2.20b) best fits the given wavefield, i.e.
kopts = arg min
ks
[C(ks)] . (2.37)
Results from this procedure are shown in Figures 2·4 and 2·5. Both use the same ref-
erence wavefield, but Fig. 2·4 is a simulation of a low-noise scenario with a SNR=40
while Fig. 2·5 is a simulation of a high-noise scenario with a SNR=4. In these sim-
ulations, the shear wavefield was evaluated over a 129 × 191 pixel rectangular grid
covering a region of size (10 × 8)λ, where λ is the shear wavelength. The voxel
size, expressed in cylindrical coordinates (r, θ, z), is ∆r = 10λ/128 ≈ 0.08λ and
∆z = 8λ/191 ≈ 0.04λ. The greater resolution in the depth direction was chosen
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to mimic the typical situation in ultrasound imaging. We again chose r0 = λ, i.e.
one shear wavelength away from the point excitation source. This choice obviously
satisfies the condition for completely enclosing the source excitation, since the source
is just a point in this case. The initial guess for Re(ks) and Im(ks) were chosen to be
50% of their target values, but it was observed that the optimization is not sensitive
to the initial guess at least in an interval of ±50% of the target values.
Effect of Noise on Material Parameter Estimates
Measurement noise is a significant limiting factor in ultrasound-based elastography
especially at greater imaging-depths. In homogeneous regions of tissue, the proposed
forward model allows the use of the entire measured wavefield for material property
estimation and thereby makes the proposed inversion technique remarkably resilient to
the presence of measurement noise. The corrupting influence of noise on estimates of
the shear modulus obtained from our inversion technique was studied using a Monte-
Carlo simulation with N=100. Normally distributed random noise with a RMS noise
level ranging from 0 to 30% was added to the simulated shear wavefield from eqn.(2.35)
and also used for the results in Figures 2·4 and 2·5. For each noise level, random
noise was added to the wavefield a 100 times (noise was random, independent and
identically distributed from pixel to pixel) and estimates of the storage and loss shear
moduli were obtained each time. The mean, median and the standard deviation of
the resulting modulus estimates yielded an estimate of the accuracy and precision of
the proposed method in estimating the medium parameters in the presence of noise.
We compared the performance of our model-based inversion technique to our im-
plementation of a shear wave spectroscopy(SWS) technique described in Deffieux et al.
(2009). In our implementation, 7 rows of pixels (three rows above and 3 below the row
containing the point source location) were used, which together span a region that is
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Figure 2·4: Inferring a priori unknown material parameters using
the axisymmetric propagation solution (2.20b). (a) The real part of
a simulated wavefield given by eqn. (2.35), tan(δ) = 0.1 and added
artificial noise with a SNR=40. (b) The propagated wavefield based
on eqn. (2.20b). The coefficients A(kz) are computed using the least
squares problem defined in eqn. (2.31) with r0 = λ. (c) The error (a
- b) in the region r > r0 expressed as a percentage of the maximum
displacement, which shows that the error is almost entirely the noise
that was added artificially. Plot (d) shows the phase and plot (e) shows
the amplitude of the wavefied along z = 0, both as functions of radius.
We note that the effect of noise is more evident in the amplitude plot
(e) than in the phase plot (d). Plot (f) shows the real part of the
wavefields along z = 0.
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Figure 2·5: Results similar to results in Fig. 2·4 but with a SNR=4
corresponding to a high noise scenario. Plots (d,e,f) show that the
phase, amplitude and the real part of the given wavefield are all noisy,
but the optimization based inverse solution nevertheless fits the given
wavefield well, plots (a,b), and the error in plot (c) is again primarily
composed of the added noise. Despite the high noise level (≈ 25%), the
parameters Re(ks) and Im(ks) were estimated to within 0.1% of their
target values (in color online).
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one-quarter of a shear wavelength thick in the depth direction. As in Deffieux et al.
(2009), the asymptotic behaviour of the Bessel function in the far field was assumed.
The phase and amplitude were fit over 80% of the lateral width available after ex-
cluding one shear wavelength near the source at one end and one shear wavelength at
the far boundary of the wavefield (≈ 10% each). This corresponded to fitting about
3 shear wavelengths worth of data in the lateral direction. The estimation of the
loss modulus was done by fitting the amplitude decay after applying a geometrical
spreading correction factor. Though this was not proposed in Deffieux et al. (2009),
our implementation can be considered an extension of shear wave spectroscopy that
also uses the amplitude information present in the wavefield.
We used a spherical (1/R) spreading model for the SWS results shown in Fig. 2·6
which is exactly correct for the case of geometrical spreading from a point source used
in this simulation. An advantage of the SWS technique is that it runs a lot faster
than our iterative inversion technique (on the order of seconds vs. minutes), and so
the Monte Carlo simulation for the SWS results were done with a higher N=1000.
Shear wave spectroscopy yields reasonably accurate and precise results at low noise
levels (≤ 5%, or SNR=20, for this noise model). At higher noise levels, however, SWS
results deviate significantly from the correct values. This is because SWS does not
account for the vector nature of shear wave propagation and therefore can only use a
small region of the wavefield data. This makes SWS more sensitive to measurement
noise than our proposed inversion technique. The high fidelity of our model to the
underlying physics and the use of the entire wavefield led to errors of less than ±1%
for this noise model, up to a noise level of 25% (SNR=4) as shown in Fig. 2·6.
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Figure 2·6: Accuracy of the shear storage and loss moduli estimates
using the proposed model in eqn.(2.20b) are remarkably resilient to
measurement noise. Median error of less than 1% is observed in pa-
rameter estimates obtained in a Monte-Carlo simulation with a sample
size of N = 100 with normally distributed random noise added to a
simulated wavefield. An implementation of shear wave spectroscopy
evaluated using a similar simulation (N = 1000) produces greater than
100% error when the RMS noise level approaches 25% (SNR=4). The
error bars shown are one standard deviation estimated from the sample
size N . The error bars for SWS exceed the y-axis limits for noise levels
above 20% and are therefore suppressed. It is notable that our imple-
mentation of shear wave spectroscopy biased the shear storage modulus
high but shear loss modulus low in the presence of high noise (in color
online).
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Effect of Source Size on Material Parameter Estimates
The proposed model (2.20b) accounts for geometric spreading exactly regardless of
source size and shape, provided only that it is axisymmetric. This is demonstrated by
comparing the performance of our inversion technique with that of our implementation
of shear wave spectroscopy (Deffieux et al., 2009) based on both a spherical and
cylindrical spreading assumption. A shear wavefield produced by a finite line source,
of linear dimension L and oriented along the axis of symmetry, was simulated over
the same ROI used in Figures 2·4 & 2·5. The wavefield produced by the finite line
source is simulated as a superposition of individual point source solutions, given by
eqn. (2.35), spaced apart by the z−resolution, ∆z = 0.04λ. The resulting wavefield
was used to estimate the shear storage and loss moduli using both the procedures
described earlier, see Fig. 2·7. SWS using both geometric spreading assumptions,
spherical or cylindrical, estimated the shear storage modulus reasonably accurately
over the range of source sizes from 0 to 4λ, where λ is the shear wavelength. The
choice of spreading assumption, however, had a big impact on the estimate of the
shear loss modulus. At small source sizes, the spherical assumption performed well,
while at large source sizes, the cylindrical assumption hit closer to the target, as
expected. The proposed model which accounts for geometrical spreading exactly,
estimated both storage and loss moduli accurately over the entire range of source
sizes. The small deviation from near-zero error seen at source sizes L exceeding 2λ
was likely an artifact caused by the finite size of the field of view (FOV) chosen for
the simulation, which was 8λ deep.
2.3.4 Fitting Measurement Data: Unknown Material Parameters
We next consider the application of our model to ARFI-SWE measurement data.
The data was collected on a Verasonics research ultrasound system (Verasonics, Inc.,
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Figure 2·7: Accuracy of the shear storage and loss moduli estimates
using the proposed model-based inversion technique are not affected by
the size of the source region. Accurate estimates of shear storage and
loss moduli were obtained from simulated wavefields with a finite length
source, with a linear axial dimension L in the range of [0−4λ], where λ
is the shear wavelength. Shear wave spectroscopy based on a spherical
or cylindrical spreading assumption produces large errors in the loss
modulus estimate when the assumption chosen is inappropriate for the
source size, while the proposed model (2.20b) accounts for geometrical
spreading nearly exactly over the range of source sizes (in color online).
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Model V1, Kirkland, WA, USA) at the Brigham and Womens Hospital in Boston,
MA. The implementation is based on code from Nordenfur (2013). We used an
ATL L7-4 transducer with 128 elements and an aperture of 38mm operated at its
center frequency of 5MHz. A shear disturbance was excited using three ARFI pushes
along the center axis of the transducer aperture in a tissue-mimicking elastography
phantom made of homogeneous gelatin prepared using the method described in Hall
et al. (1997).
The central 118 out of the total 128 elements in the transducer aperture were
used for the ARFI push, i.e. 5 elements at each end of the transducer aperture were
silent. A Hamming apodization (symmetric with N=118) was applied to the central
118 elements during the push. The three successive pushes were applied at depths
of 21.6, 20.2, and 18.8mm respectively. All three pushes were 100µs long with a wait
time of 100µs between them. Three pushes were used mainly for the purpose of
generating adequate signal. The distance between the three push locations was small
compared to the shear wavelength. The resulting shear wave was tracked for 10ms
starting 1ms after the last push pulse, with an imaging pulse repetition frequency
(PRF) of 10kHz. During the 1ms before the first frame is measured, the P-waves
had traveled about 1.5 meters, or well beyond our 40mm ROI. An algorithm based on
2D-autocorrelation (Loupas et al., 1995) was used to compute the shear deformation
field.
The shear wavefield was obtained by Fourier transforming the particle velocity
data at each pixel along the time-dimension. This leads to a complex amplitude and
phase at each pixel as a function of the frequency. The measurement provided shear
wavefields in the frequency range 100 − 1200Hz, with a peak in the energy content
of the shear waves near 500Hz. Results are shown in Fig. 2·8 and Fig. 2·9, for two
different representative temporal frequencies, 300Hz and 600Hz, respectively.
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We estimated the complex wavenumber ks of the gelatin medium by following the
procedure described in section 2.3.3, with a choice of r0 = 3.1mm. The choice of r0
is based on balancing two considerations: source size and signal strength in the fitted
wavefields. In an idealized scenario, with a finite source and infinite sensitivity, the
parameters in the model-fit are insensitive to the choice of r0, so long as the source is
completely enclosed within r < r0. In the measured wavefields, however, a practical
approximation was necessary: signal strength in the model-fit can be maximized by
choosing r0 as small as possible, but the model of a ”source-free” wavefield only fits if
r0 lies outside of the source region. The first priority, therefore, is to ensure that r0 is
large enough so that a significant part of the source does not lie outside r < r0; this
was best accomplished by choosing r0 roughly on the order of one shear wavelength in
all studied cases. The chosen source region is indicated in Fig.2·8(b-f) and Fig.2·9(b-
f) by the grey region around the axis of symmetry. A 30 mm deep axial range (from
5 to 35 mm) was used for wavefield fitting as shown.
The propagated wavefields computed using our model, i.e. eqn. (2.20b), capture
96% and 93% of the “energy” present in the wavefields at 300Hz and 600Hz, re-
spectively, thus indicating a good match between the model and measurement at
both temporal frequencies. Shear storage and loss moduli estimates of 3.3kPa and
0.57kPa, respectively, at 300Hz and 3.5kPa and 0.81kPa, respectively, at 600Hz
yielded the best match between the proposed model and the measured wavefields.
Note that both the storage and loss modulus estimates at 600Hz differ from, and
are higher than, the ones used at 300Hz, indicating the presence of dispersion in the
medium.
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Figure 2·8: Estimation of unknown material parameters in a tissue-
mimicking gel using the axisymmetric propagation solution (2.20b).
(a) The real part of a measured wavefield at a temporal frequency
of 300Hz. (b) The propagated wavefield based on eqn. (2.20b). The
coefficients A(kz) are computed using the least squares problem defined
in eqn. (2.31) with r0 = 3.1mm. (c) The error, i.e. (a-b), in the region
r > r0 expressed as a percentage of the maximum displacement. The
propagated wavefield captures 96% of the “energy” in the measured
wavefield. Plot (d) shows the phase and plot (e) shows the amplitude
of the wavefied along z = 0, both as functions of radius. We note again
that the effect of noise is more evident in the amplitude plot (e) than in
the phase plot (d). Plot (f) shows the real part of the wavefields along
z = 0. Plots (d-f) show good agreement between the given data and
its optimal fit, at a shear modulus estimate of µ = 3.3 + i0.57 kPa (in
color online).
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Figure 2·9: Results similar to results in Fig. 2·8 but at a temporal
frequency of 600Hz. Note that the wavenumber in plots (a, b) is visibly
higher than the wavenumber at 300Hz as expected, and the amplitude
in plot (e) exhibits considerable noise near the far edges of the imaged
wavefield. Nevertheless, the propagated wavefield captures 93% of the
“energy” in the measured wavefield, at a shear modulus estimate of
µ = 3.5 + i0.81 kPa (in color online).
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2.4 Discussion
We have presented a forward model (2.20) of shear wave propagation excited by
an axisymmetric source distribution in an infinite homogeneous isotropic viscoelastic
medium. The model is based on an exact solution of Navier’s equation. The main
features of the presented forward model include:
1. The model does not depend on detailed knowledge of the source distribution,
except its axis of symmetry, and fully accounts for the resulting 3D axisymmetric
propagation. It thereby accounts exactly for geometrical spreading that can be
spherical, cylindrical, or neither.
2. It accounts for vector polarization effects and it can model shear waves propa-
gating in multiple directions.
3. It does not rely on a far-field assumption; i.e. it makes no assumption about
the direction of propagation, nor of the geometric spreading, and includes the
effect of evanescent waves.
4. It assumes shear wave propagation in an unbounded, homogeneous, isotropic,
linear viscoelastic solid. It is material-model independent, i.e. it does not
assume any particular frequency-dependence of the material parameters.
Though successful in the applications above, the proposed model has some limita-
tions. The model assumes axisymmetry and so it will not apply to wavefields that
are strongly non-axisymmetric; the latter were studied experimentally in Zhao et al.
(2011) and analytically in Rouze et al. (2015). A second limitation of the model is
the assumption of homogeneity and isotropy which precludes its use in the imaging
of anisotropic tissues such as muscle fibres, or in inhomogeneous tissues with tumours
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and/or non-uniform sclerosis. This assumption is reasonable, however, for the char-
acterization of diffuse diseases in relatively homogeneous tissues, such as liver fibrosis
and steatosis. In such applications, the ability to estimate averaged viscoelastic prop-
erties over a region of interest may help overcome problems associated with sampling
errors and measurement noise, thereby enabling more accurate and precise tissue
characterization.
A third limitation of the model is that it does not account for reflections and
refraction at tissue boundaries. This can lead to errors when reflecting boundaries
are located near the ROI and the medium’s shear-wave attenuation is small. The
finite-range Fourier transform in the axial direction makes the model less accurate
when the source is close to the top or bottom boundary of the ROI. The effects of
reflections can be mitigated by truncating the time-domain data at the instant when
the primary wavefront reaches the boundary of the ROI.
The proposed model is well-suited for axisymmetric propagation from a confined
source. Two examples where such vibration sources are found in elastography practice
are ARFI-SWE and electrode vibration elastography (Dewall and Varghese, 2012)
where a vibrating needle is the source of shear wave excitation. Since the proposed
model does not require detailed knowledge of the source distribution, it is hoped to
prove suitable for clinical applications, where patient to patient variability can lead to
alterations of the shape of the ARFI or electrode push region. The ability to resolve
3D propagation eliminates artifacts associated with 2D model assumptions like plane-
stress or plane-strain, and an assumed direction of propagation, all of which produce
biases in the modulus value estimated. Our model also accounts for out of plane
geometrical spreading which is often inaccurately approximated based on a spherical,
cylindrical or plane-wave assumption. Our examples show that this has a big impact
on the accuracy of the shear loss modulus estimate.
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2.5 Summary
A simple but general solution of Navier’s equation for axisymmetric shear wave prop-
agation in a homogeneous isotropic viscoelastic medium is presented. The solution is
a “hybrid” model that satisfies Navier’s equation and is consistent with a measured
shear wavefield. It is well-suited for use as a forward model for some acoustic radia-
tion force impulse based shear wave elastography applications. We have applied the
model to both simulated and measured data, and demonstrated its applicability in
the presence of noise, for a range of source sizes, and in the presence of uncertainty
in the medium parameters. By fitting the model to the measured wavefield, a pri-
ori unknown medium properties can be inferred. The model accounts for 3D effects
while making minimal assumptions about the spatial distribution and amplitude of
the source. The model is agnostic to the direction of wave propagation and exactly ac-
counts for geometrical spreading. The inversion scheme based on this model is robust
to noise and accurately estimates both the shear storage and loss moduli of the ho-
mogeneous medium. Validation using ARFI-excited wavefields in a tissue-mimicking
gelatin sample show that the model accounts for well over 90% of the measured wave-
field “energy”. It makes no assumption about the frequency dependence of material
parameters, and thus when used in SWE with wide-band ARFI-excitation, it holds
the promise of accurately characterizing dispersion in homogeneous soft tissues. To
the extent that use of this model may improve ARFI-SWE estimated tissue parame-
ters, it is hoped to ultimately aid in the diagnosis and treatment monitoring of diffuse
diseases such as liver fibrosis (Nightingale et al., 2015) and steatosis (Parker et al.,
2015), and in the identification of acute rejection in liver transplants (Nenadic et al.,
2017).
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Chapter 3
Torsional Vibration Rheometry
Some of the contents of this chapter were published as an independent journal pub-
lication (Yengul et al., 2019).1
Chapter Summary
Mechanical testing of materials is done on test samples that are very different in shape
and size compared to the phantoms (or tissue) on which elastography measurements
are made. This can be a confounding factor when comparing elastography results
to these reference measurements. We describe a novel torsional vibration rheometry
(TVR) technique that allows both shear wave elastography and rheometry to be
performed on the same physical sample.
3.1 Motivation
In chapter 2, an improved ARFI-SWE technique was described which allows estima-
tion of the frequency-dependent complex shear modulus in homogeneous gels. We
verified the accuracy of the technique using simulated data. We also validated the
technique by evaluating the goodness of fit between the reconstructed shear wave-
fields with corresponding measured wavefields in tissue-mimicking gels. However,
1Reprinted from Ultrasound in Medicine & Biology, Vol. 45, No. 2, Sanjay S. Yengul, Paul E.
Barbone, Bruno Madore, Dispersion in Tissue-Mimicking Gels Measured with Shear Wave Elastog-
raphy and Torsional Vibration Rheometry, Pages No. 586–604, Copyright(2019), with permission
from Elsevier.
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since the exact shear properties of the gels were unknown, we needed an independent
reference measurement of the shear modulus. Rheometry is the first-principles-based
gold-standard technique for mechanical measurement of the shear modulus in liquids
and soft solids. However, there is a potential confounding factor that often goes un-
addressed in comparisons between measurement techniques. This factor is that test
samples are often measurement specific, and different test samples may vary in their
properties. This is concern is particularly relevant in the case of soft materials like
tissue-mimicking gels.
When elastography is compared to standard mechanical testing methods, the tests
are typically performed on different physical samples. For example, a thin disk is
typical for rheometry, while a larger bulk sample is typically needed for elastography.
Even if both samples are manufactured with the same recipe and production method,
differences can readily emerge due to shape-related inhomogeneities, differential rates
of cooling, moisture loss, etc. Furthermore, as we show in chapter 4, differential
handling and storage of the samples can alter the properties of one sample relative
to another over time. To address this potential confounding factor our goal was to
perform both rheometry and elastography measurements on the same physical sample.
Rheometry is traditionally performed on thin discs of material as shown in
Fig. 3·1(a). More specifically, the user manual for the rheometer available for use
at Boston University (Model AR-2000, TA Instruments, New Castle, DE, USA), rec-
ommended using discs 3 mm or less in thickness. However, acoustic radiation force
impulse-based shear wave elastography (ARFI-SWE) cannot be performed on such a
thin disc. For this reason, we made the measurements on much taller samples than
classical rheometry. The larger sample may experience torsional resonances in the
operating frequency range of the rheometer measurement. The on-board rheometer
software usually does not account for this vibrational dynamics and so could not
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Figure 3·1: Rheometry vs. Torsional Vibration Rheometry:
(a) Rheometry is traditionally performed on a thin disc. Shown here
is a 3 mm thick gelatin disc (blue in color) sandwiched between the
fixed bottom plate and the moving 40 mm diameter top plate of a TA
Instruments AR 2000 rheometer. (b) Modifications were done to both
hardware and software to allow larger samples. The 70 mm tall gelatin
cylinder used in this study is shown mounted in the same rheometer.
An acrylic environment chamber was custom designed to prevent mois-
ture loss from the sample during the measurement by stabilizing the
humidity level.
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readily provide credible shear modulus measurements. For this reason, the viscoelas-
tic parameters of the sample material were estimated by fitting the raw torque and
rotation measurement data recorded on the rheometer to a theoretical model of the
torsional stiffness of the sample. We refer to this new technique as Torsional Vibration
Rheometry or TVR.
By combining the improved ARFI-SWE technique reported in chapter 2 with TVR
on the same physical samples, we were able to report frequency dependent complex
shear modulus, i.e. shear storage and loss moduli, measurements of homogeneous
tissue-mimicking gels over a frequency range that spans three decades. That study is
presented in the next chapter (chapter 4).
The rest of the chapter is organized as follows: The theory which forms the basis
of TVR is described in sections 3.2(torsional dynamics) & 3.3(rheological material
model). Data acquisition is described in section 3.4 and the inversion scheme to
estimate the complex shear modulus is described in section 3.5. Results from a
typical TVR measurement on gelatin samples of two different stiffnesses are presented
in section 3.6. The chapter ends with a discussion, section 3.7.
3.2 Torsional Dynamics Model
To obtain the theoretical torsional stiffness of a tall cylindrical gel sample, the gel
material is modelled as a linear, homogeneous, isotropic, viscoelastic solid. In such a
medium, the strain response to an oscillatory stress will be an oscillation at the same
frequency as the stress but lagging behind by a phase angle δ, which is called the loss
angle and is a function of the internal friction of the material (Findley et al., 1989).
Complex Lame´ parameters can be used to represent this stress-strain relationship,
and thereby a viscoelastic solid may be represented with the same type of constitutive
equation as a corresponding elastic solid, simply by treating the Lame´ coefficients,
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λ(ω) and µ(ω), as complex rather than real. This is known as the elastic-viscoelastic
analogy or the “correspondence principle” in viscoelasticity (Findley et al., 1989). A
more detailed explanation of this principle is presented in Appendix B.
We can write Navier’s equation for time-harmonic, steady-state motion in a ho-
mogeneous isotropic viscoelastic solid with no excitation as
[λ(ω) + 2µ(ω)]∇(∇ ·U)
−µ(ω)∇× (∇×U) + ρω2U = 0. (3.1)
Here λ(ω) and µ(ω) are complex, frequency-dependent Lame´ parameters, ρ is
the mass density, ω is the angular frequency of the time-harmonic motion, and the
displacement field u(x, t) has been represented in the form
u(x, t) = Re{U(x)e−iωt}. (3.2)
It should be noted that we account for the frequency-dependence of the complex Lame´
parameters in the following derivation. A purely elastic material is a simpler special
case of the resulting derivation wherein both Lame´ parameters are real constants.
Using cylindrical coordinates, the motion of a cylindrical sample experiencing
torsional deformation, Θ(z), about its axis of symmetry, can be described by a dis-
placement field of the form
U(r, θ, z) = rΘ(z)eˆθ. (3.3)
Navier’s equation then reduces to the 1-dimensional torsional wave equation
µ(ω)
d2Θ
dz2
+ ρω2Θ = 0. (3.4)
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The complex shear modulus may be written as
µ(ω) = µ′(ω)− iµ′′(ω) (3.5)
where µ′ is called the shear storage modulus and µ′′ is called the shear loss modulus.
We note that the negative sign in eqn. (3.5) is due to the e−iωt time dependence
chosen in eqn. (3.2) and with µ′′ ≥ 0; this becomes apparent when a solution to
the wave equation is written in terms of the complex shear wave number, which is
inversely related to the shear modulus. Choosing the opposite convention for the
time-dependence in eqn. (2.2) leads to the opposite sign in eqn. (3.5). If δ is the loss
angle, or the phase lag between the shear stress and shear strain, then the ratio
tan(δ) =
µ′′
µ′
(3.6)
is widely used to quantify the damping capacity of viscoelastic materials (Findley
et al., 1989). The complex shear wave number ks is related to the shear modulus
through the shear wave speed, cs, as
ks =
ω
cs
, cs =
√
µ(ω)
ρ
. (3.7)
Eqn. (3.4) then becomes
d2Θ
dz2
+ k2sΘ = 0. (3.8)
We now consider a cylindrical sample of radius r and length L, held fixed on the
rheometer bottom plate (z = 0), while a harmonic torsional excitation is applied by
the top plate (z = L). This situation is modeled through boundary conditions:
Θ = 0 at z = 0,
Θ = Θ0 at z = L.
(3.9)
68
A general solution to eqn.(3.8) is of the form
Θ(z) = Aeiksz +Be−iksz, (3.10)
where A and B are constants that can be determined to satisfy the boundary condi-
tions in eqn. (3.9). Doing so gives us the solution
Θ(z) = Θ0
sin(ksz)
sin(ksL)
. (3.11)
The torque applied on the sample by the top plate, Ts, can be evaluated using the
relation,
Ts(z = L) =µ(ω)J
∂Θ
∂z
∣∣∣∣
z=L
=µ(ω)JΘ0ks
cos(ksL)
sin(ksL)
. (3.12)
Here J = 1
2
pir4 is the polar moment of inertia of the sample’s circular cross-section.
We define the torsional stiffness as the ratio of the amplitudes of the applied torque
(Ts) to the torsional displacement (Θ0). Therefore, the torsional stiffness, Z, seen at
the upper plate of the rheometer, can be written as
Z(ksL) =
Ts
Θ0
=
µ(ω)J
L
ksL
cos(ksL)
sin(ksL)
. (3.13)
Equation (3.13) shows that the torsional stiffness, Z, depends on frequency
through the shear wavenumber, ks = ω/cs. As ω → 0, the torsional stiffness Z
approaches Z0 = µJ/L. We note that even if the cylinder were made of a purely elas-
tic material, so that both µ and cs were constant with frequency, the torsional stiffness
would still be frequency-dependent. In order to visualize this geometric frequency de-
pendence, Fig. 3·2 shows the normalized torsional stiffness, Z/Z0, in eqn. (3.13), as
a function of the non-dimensional frequency parameter, Re(ksL) = Re(ω/cs)L, in a
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medium where the shear modulus, µ, is complex but constant with frequency.
Given a measurement of Z(ω), equation (3.13) can be used in principle to in-
fer µ(ω) at each individual frequency. The complicated frequency dependence of
eqn. (3.13) and its near poles and zeros, however, make it ill-suited to solve for µ(ω)
frequency by frequency. Therefore, in order to infer µ(ω) from TVR measurements
of Z, we choose to parameterize µ(ω) over the frequency range of the TVR measure-
ments (1-100 Hz) through a rheological model.
3.3 Rheological Material Model
Most natural materials, and soft tissues in particular, exhibit viscoelastic behavior.
As a result, their mechanical properties are functions of frequency. Rheological ma-
terial models are used to parameterize this frequency dependence. The Maxwell and
Kelvin-Voigt models are popular choices in SWE studies of both gels and soft-tissues.
They are both two-parameter models and use one spring and one dashpot, either in
series (Maxwell) or in parallel (Kelvin-Voigt) to characterize the frequency depen-
dence of the storage and loss moduli, see Fig. 3·3(b,c). A different two parameter
model called the linear dispersion model, Fig. 3·3(d), was proposed in Nightingale
et al. (2015). This can be used to characterize dispersion in gels and tissue over
a narrow frequency range. With only two parameters each, these models are lim-
ited in their ability to describe certain viscoelastic phenomena (Findley et al., 1989).
For example, the Maxwell model does not describe time-dependent recovery while
the Kelvin-Voigt model does not describe stress relaxation (time-dependent drop in
stress under a constant strain). The three-parameter Standard Linear Solid (SLS)
model, also known as the Zener model, is the simplest model that describes both
these phenomena. It can be represented as a network of a spring in parallel with a
series combination of another spring and a dashpot, Fig. 3·3(a). Both the Maxwell
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Figure 3·2: Torsional Dynamics Model: The magnitude and
phase of the normalized torsional stiffness of a cylinder of length L,
fixed at one end, is plotted as a function of the normalized frequency
parameter, 0.01 ≤ Re(ksL) ≤ 20. The magnitude of Z has been nor-
malized by the low frequency asymptotic value, Z0 =
µJ
L
. In this plot,
the cylinder material is modeled as a homogeneous, isotropic, and non-
dispersive viscoelastic medium with a damping factor tan(δ) = 0.1.
Traditional rheometry using thin sample discs operates in the low fre-
quency regime where the stiffness is real and constant. Torsional Vi-
bration Rheometry, on the other hand, operates over a wider frequency
band and exploits torsional resonances in the higher frequency regime.
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and Kelvin-Voigt models are a special case of the SLS model.
The shear modulus µ can be expressed as a function of frequency, ω, and the
model parameters. For example, in the SLS model with three parameters (ke, k1, η),
first, we define a time constant, τ , for the Maxwell arm as τ = η
k1
, then
µ(ω, ke, k1, τ) = ke +
ω2τ 2
1 + ω2τ 2
k1 − i ωτ
1 + ω2τ 2
k1.
See Findley et al. (1989) for a detailed derivation. Equation (5.43) in Findley et al.
(1989) gives the stress-strain relation. Fourier transforming that equation gives (3.14)
with suitable notation changes. For the Maxwell model, we similarly define a time
constant τ = η
k
, then
µ(ω, k, τ) =
ω2τ 2
1 + ω2τ 2
k − i ωτ
1 + ω2τ 2
k.
Note that this is a special case of (3.14) with ke = 0 and k1 = k. For the Kelvin-Voigt
model,
µ(ω, k, η) = k − iωη.
This is also a special case of (3.14) with ke = k and k1 → ∞, which implies that,
τ → 0. In the linear dispersion model, the shear wave speed is expressed as a linear
function of frequency and, when needed, the shear modulus is often calculated based
on a purely elastic material model assumption:
cs = c0 +mω, (3.14)
µ = ρcs
2, (3.15)
where ρ is the mass density of the medium and two real constants (c0, m) are the
model parameters. In this model, the imaginary part of the shear modulus (i.e. the
loss modulus) remains undefined.
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Figure 3·3: Rheological Material Models: The characteristic
frequency dependence of the storage and loss moduli in four linear
viscoelastic models is shown above. The Kelvin-Voigt model (b) and
the Maxwell model (c) are both special cases of the standard linear
solid model (a) which was used in processing the torsional vibration
rheometry measurements in this study. The linear dispersion model
(d) assumes a linear relationship between shear wave speed, cs, and
frequency, f , and the blue curve shown is the real shear storage mod-
ulus, µ = ρc2s. The parameter values used in these plots were: (a)
ke = 10; k1 = 20; η = 0.1; (b) k = 10; η = 0.1; (c) k = 20; η = 0.1;
(d) c1 = 3.2 m/s at 1 Hz; slope m = 2.3 m/s/kHz. The spring stiffness
values are in kPa, and the dashpot, η, is in kPa·s.
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In the TVR data processing, the three-parameter SLS model was used. This
was the simplest rheological model that conformed with the wide frequency-band
dispersion behaviour we measured in tissue-mimicking gels. We will revisit this choice
in the context of SWE measurements in a higher frequency range in chapter 4.
3.4 TVR Data Acquisition
Measurements were performed on a commercially available rheometer (Model AR-
2000, TA Instruments, New Castle, DE, USA). A 40mm diameter flat plate rheometer
accessory was used as the moving top plate in the measurement. Both the top plate
and the fixed bottom plate were coated with a 1500 grit sandpaper to minimize
slipping between the sample and the smooth metallic surfaces of the plates. The lower
static torsional stiffness of the tall cylindrical sample as compared to the recommended
thin disc, further reduces the possibility of slipping. We found that these two changes
together made the static stiffness measurement more repeatable with our sample
geometry than with the recommended thin discs.
Preparatory measurements showed that drying of the sample leads to significant
changes in the reported shear modulus. To minimize moisture loss the sample was
placed inside a custom-designed acrylic environment chamber during the measure-
ment, seen in Fig. 3·1(b).
Measurements consisted of a frequency sweep oscillation with a sinusoidal shear
strain with peak amplitude of 1%. A frequency range of 1–100 Hz with 67 linearly
spaced points, yielding a frequency resolution of 1.5 Hz, was used. The choice of 67
frequency points was dictated by two competing requirements: the need for good
resolution to adequately resolve resonance frequencies and modal damping, while
minimizing the total measurement time.
Long measurement times are undesirable because, in addition to the possibility
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of moisture loss, the sample can undergo creep due to the clamping normal force
applied by the rheometer plates, causing a tiny but incremental change in the height
and radius of the sample. The chosen frequency resolution resulted in a measurement
time of about 10 minutes per sample. The normal clamping force used was 0.5 N for
the soft samples and 1.5 N for the stiffer ones. Gravity and clamping force together
lead to a maximum compressive strain of less than 10% in the sample, which is within
the linear viscoelastic regime for gelatin (Hall et al., 1997). With this loading, creep
strain was found to be well below 1%, and typically below 0.1%, during the 10 min.
measurement interval.
At each individual excitation frequency, ω, the rheometer produced a sinusoidal
rotational displacement of the form, Θ = Re{Θ0e−iωt}, at the top plate and recorded
the total torque needed, Ttotal, to produce the dynamic displacement. Ttotal is a
complex quantity with both magnitude and phase. Since the inertia of the top plate
and the motor shaft also contributed to Ttotal, a frequency dependent inertia correction
term was applied to obtain the sample’s contribution to the total torque, Ts, as
Ts = Ttotal − Iω2. (3.16)
Here I is the effective rotational inertia of the moving parts of the rheometer. An
estimate of I was provided by the rheometer during the initial calibration. This
estimate was refined by a least squares fit described below. The frequency dependent
rotational stiffness of the sample was then obtained as
Zmeas(ω) =
Ts
Θ0
. (3.17)
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3.5 TVR Data Processing
The shear modulus of the samples is estimated using a model-based inversion tech-
nique, see results in Fig. 3·4. Eqns. (3.13, 3.14) lead to a parametric model of the
sample’s torsional stiffness as Zmodel(ω, r, L, ke, k1, τ). In our experiment, the geome-
try parameters, r and L, and the frequency, ω, were known. Fitting this model to the
measured data thus led to an overdetermined system for the three unknown model
parameters. This was solved as a non-linear least squares minimization problem with
the error functional
C(ke, k1, τ, I) =
N∑
i=1
|Zmeas(ωi, I)− Zmodel(ωi, ke, k1, τ)|2. (3.18)
Here, N is the total number of frequency points measured. Note, that the measured
torsional stiffness in eqn. (3.18) is a function of the inertia correction parameter,
I, from eqn. (3.16). A estimate for the SLS model parameters can be obtained by
minimizing C:
[ke, k1, τ, I] = arg min
(ke,k1,τ,I)
C(ke, k1, τ, I) (3.19)
This nonlinear minimization was performed using the routine fminsearch in the
Optimization Toolbox in MATLAB® (MathWorks®, Natick, MA, USA). We included
the inertia parameter, I, in the fitting optimization due to the uncertainty in the
inertia correction applied by the rheometer software.
3.6 Results
The measurement and data processing described in the above sections was performed
on two sets of tissue-mimicking gelatin samples. One set of samples were made of
relatively soft gelatin (with a low frequency shear modulus near 1 kPa) and the sec-
ond set of samples were made of a relatively stiff gelatin (with a low frequency shear
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Figure 3·4: Torsional Vibration Rheometry Results: The red
dots in plots (a) and (b) show the measured magnitude and phase of
torsional stiffness of gelatin samples, Soft-1 in (a) and Stiff-1 in (b),
at 67 individual frequencies spaced linearly in the range 1-100 Hz. The
measurement is fitted to the torsional dynamics model in eqn. (3.13).
The optimal fit, shown as the blue curve in (a) and (b), determines the
SLS model parameters [ke, k1, η] (center schematic). Plots (c) and (d)
show the frequency dependent storage, µ′, and loss, µ′′, shear moduli for
the corresponding samples. The optimally fit SLS model parameters
for sample Soft-1 were [2.40 kPa, 1.79 kPa, 1.46 Pa·s] and for sample
Stiff-1 were [12.4 kPa, 1.47 kPa, 3.07 Pa·s].
modulus near 10 kPa). The measurement data and results from a a typical TVR mea-
surement are presented in Fig. 3·4. Figs. 3·4(a) & (b) show the measured torsional
stiffness and corresponding model-fit, eqn. (3.13), for one soft and one stiff gelatin
sample, respectively. Figs. 3·4(c) & (d) show the resulting frequency dependent stor-
age and loss moduli for the corresponding gelatin media as described by the optimally
fit parameters, eqn. (3.19).
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3.7 Discussion
A key characteristic of the novel TVR technique is that it harnesses the presence of
geometric resonances in the sample instead of trying to avoid them. This can be an
advantage in the estimation of damping properties of the sample because it allows
direct use of the peaks and dips, i.e. the poles and zeros respectively, in the frequency
response or the quality factor (sometimes abbreviated as the Q-factor) for estimation
of material parameters. The Q-factor is especially sensitive to material damping near
the resonance frequencies. Visual observation of these peaks and dips during the
measurement can also serve as a quality check on the measurement procedure and
can help identify problems such as improper boundary conditions or undesired sample
dynamics.
It should be noted that the torsional dynamics model used in the data processing
assumes uniaxial torsional deformation. Any deviation from this assumption in the
experiment, for example, lateral or asymmetric deformations, will lead to errors/bias
in the estimated complex shear modulus. This can be a potential drawback of the
proposed technique. In our measurements, visibly perceptible lateral vibration was
observed in the soft gelatin samples at high frequencies (50-100 Hz). This motion
which leads to parasitic energy dissipation that is unaccounted for in the 1-degree of
freedom torsional dynamics model can produce a bias in the shear modulus (especially
in the imaginary component). This is discussed further when results from TVR are
compared with SWE in chapter 4. Such spurious motions were however absent in the
measurement of the stiffer samples, indicating that the usable frequency range of this
measurement technique can be both equipment as well as sample dependent.
The TVR protocol was extensively validated using controlled measurement com-
parisons. For example, the optimization determined inertia I was validated using a
blank measurement, i.e. a dynamic measurement with no sample present between the
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rheometer plates. In this measurement, the sample torque, Ts, in eqn. 3.16 is zero,
so that the torque measured is entirely the result of the inertia term. Other valida-
tion steps included comparing results obtained using samples made of two different
gel strengths and of different sizes. This allowed study of the effect of the presence
or absence of resonance peaks, and in samples where resonance peaks were present,
any effect of the number of peaks in the measured frequency range. Repeatability of
the results was studied while varying (1) the clamping force (normal force applied)
between the rheometer plates, (2) with and without a humidity control chamber, and
(3) with and without sand-paper stuck to the contact surface of the rheometer plates
(two different grit-sizes of sand paper were used). We also studyied the linearity of
the material properties with the oscillating strain amplitude.
The increased height of the samples greatly reduces problems associated with sur-
face contact/slip between the samples and the rheometer plates. It also allows shear
measurements at lower values of compressional strain. This is because a clamping
normal force leading to some compression of the sample is necessary to ensure good
contact between the sample and the rheometer plates. In soft thin samples, the com-
pressional strain can be 10% or higher. Increasing the sample height proportionately
lowers the compressional stiffness. Consequently, a lower clamping force and com-
pressional strain is needed to ensure full surface contact. This may be an important
consideration in the measurement of non-linearly elastic materials where 10% com-
pressional strain can lead to a significantly different shear stiffness. An example of
such soft materials are agar-based gels. Gelatin properties were found to be fairly
linear in the operating regime of the TVR measurement (1% oscillating shear strain
and under 10% compressive strain).
As seen in the results in Fig. 3·4(c,d), the storage modulus measured using TVR
shows an increasing trend with frequency in both the soft and stiff gelatin media.
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This contradicts some studies in the literature (Catheline et al., 2004) where gelatin
is reported as being non-dispersive. Past studies, for example Nguyen et al. (2014),
have also reported that the Kelvin-Voigt model adequately represents the rheological
behaviour of gelatin. The real part of the complex modulus in the Kelvin-Voigt
model is, however, frequency-independent, as seen in Eq. (3.14). This was not our
observation in both TVR and SWE measurements of gelatin. We’ll discuss this point
again in the context of SWE measurements in a higher frequency range in chapter 4.
The loss modulus (the imaginary part) also varied with frequency in our measurements
- showing almost linear varition with frequency within the frequency range measured.
The frequency-dependence of the loss modulus is in approximate agreement with
the Kelvin-Voigt model, at least in the frequency range of the TVR measurements
(1-100 Hz).
3.8 Conclusions
Torsional vibration rheometry (TVR), a novel rheometry technique that allows larger
than usual samples to be measured on a rheometer, is presented. This allows inde-
pendent mechanical testing of ARFI-SWE samples directly, thereby eliminating two
potential confounding factors in comparing or combining results: One being that me-
chanical test samples are different (typically much smaller in size) from elastography
samples, and the other being that unequal handling of the samples can significantly
alter their mechanical properties. The technique also has other advantages over tra-
ditional rheometry. However, care is needed during both the measurements and in
the interpretation of the results, as discussed in the previous section.
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Chapter 4
Dispersion Study in Tissue-mimicking
Soft Gels
Most of the contents of this chapter were published as an independent journal publi-
cation (Yengul et al., 2019).1
Chapter Summary
A study of dispersion in tissue-mimicking gels is presented. Frequency-dependent
complex shear modulus was measured in homogeneous gelatin hydrogels of two dif-
ferent bloom strengths using ultrasound shear wave elastography and torsional vi-
bration rheometry. Confounding factors such as temperature, water content, and
material aging were controlled for. The same physical samples were measured using
both techniques thereby also eliminating possible variation due to batch-to-batch gel
variation, sample geometry differences and boundary artifacts. The wide-band mea-
surement, from 1–1800 Hz, shows a 30-50% increase in the storage modulus and a
nearly linear increase with frequency of the loss modulus. The magnitude of the vari-
ation suggests that accounting for dispersion is essential for meaningful comparisons
between SWE implementations.
1Reprinted from Ultrasound in Medicine & Biology, Vol. 45, No. 2, Sanjay S. Yengul, Paul E.
Barbone, Bruno Madore, Dispersion in Tissue-Mimicking Gels Measured with Shear Wave Elastog-
raphy and Torsional Vibration Rheometry, Pages No. 586–604, Copyright(2019), with permission
from Elsevier.
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4.1 Motivation
The goal of the study was to measure the frequency-dependence of shear viscoelastic
properties in tissue-mimicking soft gels. It is this variation with frequency that is
responsible for the dispersion of shear waves. We used two methods that apply to
complementary frequency ranges in order to obtain measurements of complex shear
modulus over a large frequency range. Our study differs from prior work on elastog-
raphy comparisons in two important ways: (1) When elastography is compared to
standard mechanical testing methods, a potentially important confounding factor is
that the tests are typically performed on different physical samples. For example, a
thin disk is typical for rheometry, while a larger bulk sample is typically needed for
elastography. Even if both samples are manufactured with the same recipe and pro-
duction method, differences can readily emerge due to shape-related inhomogeneities,
differential rates of cooling, moisture loss, etc. Furthermore, as we show below, dif-
ferential handling and storage of the samples can alter the properties of one sample
relative to another over time. Our study addressed this issue through the novel tor-
sional vibration rheometry (TVR) technique described in chapter 3. TVR allowed
both rheometry and elastography to be performed on the same physical samples. (2)
Most commerically available ARFI-SWE systems do not account for dispersion and
usually do not measure shear wave attenuation. Our study addresses both of these
limitations.
The ARFI-SWE implementation used in this study is based on a forward model
of shear wave propagation developed in chapter 2 and published in Yengul et al.
(2018). The model-based inversion technique enables accurate estimation of the phase
speed and shear wave attenuation at individual temporal frequencies. By combining
this improved ARFI-SWE with TVR on the same physical samples, we measured
frequency dependent complex shear modulus, i.e. shear storage and loss moduli, of
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homogeneous tissue-mimicking gelatin soft-gels over a frequency range that spans
three decades.
4.2 Materials and Methods
4.2.1 Study Design and Measurement Protocol
Samples of a soft gelatin hydrogel and a stiffer gelatin hydrogel were measured one
week after manufacture using two measurement techniques: A novel torsional vibra-
tion rheometry (TVR) and ARFI-SWE. The particulars of gel manufacture and of
both measurement techniques are described in later subsections. Samples were cylin-
drical in shape with a diameter of 41 mm and a height of 70 mm. A total of six
samples, three samples each of the soft and stiff gelatin hydrogels, were used in the
study. Samples were measured three times using SWE and two times using TVR
yielding a total of 5 measurements of the shear storage and loss moduli for each
sample. All 6 × 5 = 30 measurements were performed on the same day in order to
minimize the impact of material aging. Moreover, the measurements were interleaved
as follows:
Order of Measurements
1. Shear Wave Elastography (SWE-1)
2. Torsional Vibration Rheometry (TVR-1)
3. Shear Wave Elastography (SWE-2)
4. Torsional Vibration Rheometry (TVR-2)
5. Shear Wave Elastography (SWE-3)
Interleaving served as a check on the change in sample properties during the course
of the measurements. There is potential for a change in properties of soft gels, for
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example, due to measurement related exposure to mechanical and environmental
stresses: These include moisture loss, potential plastic strains or temperature fluc-
tuations during measurement setup, handling and storage between measurements.
The mass and temperature of each sample was therefore recorded at the start of all
measurements. The measured dataset allowed for a check on the repeatability of
the measurements by studying both intra-sample and inter-sample variability in the
two types of gelatin. One of the stiffer gelatin samples was subjected to significant
SWE imaging and related environmental exposure one day prior to the day of re-
ported measurements. This allowed us to observe the effect of sample history, i.e.,
repeated imaging, mechanical handling and environmental exposure of the sample,
on its mechanical properties.
4.2.2 Tissue-mimicking Gel Preparation
A 12% by weight gelatin recipe adapted from Hall et al. (1997) with the follow-
ing ingredients was used: 90-110 g and 300 g Bloom strength, Type A gelatin from
porcine skin (Sigma-Aldrich SKU G6144 & G2500, respectively), talc powder (Sigma-
Aldrich SKU 18654), 1-Propanol (Sigma-Aldrich SKU 402893), 10% Buffered Forma-
lin (Fisher Scientific Catalog No. SF100-20) and food color (McCormick food color
and egg dye).
Gelatin powder was hydrated with de-ionized and degassed water heated to and
maintained at 45°C in a water bath. A suspension of talc powder was used as the
ultrasound scattering agent in the gel instead of the graphite powder used in the
original recipe. Talc powder is hydrophobic, so it was first stirred into 1-Propanol,
and then added to the gelatin solution after the gelatin had dispersed and the solu-
tion had clarified. The mixture was degassed in a vacuum chamber for 10 minutes
to remove any trapped air bubbles. The degassed mixture was allowed to cool to
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Figure 4·1: Tissue-Mimicking Gel Preparation:Gelatin solution
was poured into the cylindrical molds through a hole near one end of
the cylinder. The molds were rolled manually along their curved sur-
face during the cooling/gelling period, about 30-45 minutes, to avoid
settling of the suspended talc particles. Disc samples of 3mm width
for traditional rheometry were also created for testing purposes. Food
coloring was used to visually distinguish samples with different prop-
erties, for example, the two different gelatin bloom strengths (100 and
300).
85
Ingredient Per ≈ 100 mL Gel Solution
Deionized degassed water 90 mL
Gelatin 12 g
Talc powder 3 g
n-Propanol 8 mL
10% Buffered Formalin 1.6 mL
Food color 3 drops
Table 4.1: Tissue-mimicking Gel Ingredients
30°C before the Formalin solution was added and gently stirred in. For easy visual
differentiation of samples made from the two kinds of gelatin, a few drops of food
color were also added. The softer gel samples were colored red and the stiffer samples
were colored blue. The cylinder shaped molds were previously cleaned, dried and
coated with a thin layer of petroleum jelly (Vaseline® Jelly Original, Unilever US).
The gelatin solution was poured slowly into the mold to avoid trapping any air bub-
bles. The opening was capped and the gel was allowed to cool at room temperature.
To prevent the suspended talc particles from settling near the bottom, the cylinder
molds were slowly turned at about 1 rpm for about 30-45 min, until the gel had
sufficiently solidified. The molds were stored in a temperature controlled room at
4°C for exactly one week. After a week, the molds were disassembled and the formed
gelatin cylinders were gently pushed out from one end. In order to prevent moisture
loss via evaporation, the curved surfaces were coated with a thin layer of petroleum
jelly. The flat surfaces of the cylinder were not coated with petroleum jelly to avoid
slipping at these contact surfaces during rheometry. To further prevent drying, the
samples were completely enclosed in plastic wrap and stored in a close fitting sealed
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container. A tissue moistened with de-ionised water was placed inside the container
to stabilize the internal humidity.
4.2.3 Torsional Vibration Rheometry
The measurement setup for TVR using a TA Instruments’ AR-2000 rheometer are
shown in Fig. 4·2. The samples used in this study were cylindrical in shape: 41 mm
in diameter and 70 mm in length. The increased size, from the recommended 3mm
to 70mm, led to two key changes compared to classical rheometry: (a) the static
torsional stiffness of the sample, which is inversely proportional to the cylinder length,
was reduced by a factor of over 20 (≈ 70/3), and (b) the larger samples experienced
torsional resonances in the 0.01-100 Hz operating frequency range of the rheometer
measurement.
The data acquisition procedure and measurement settings described in section 3.4
were used for the measurements. As mentioned in section 3.5 the onboard rheometer
software did not account for the geometry dependent dynamics of the taller than
usual samples. Therefore, the raw torque and rotation measurement data from the
rheometer were recorded.
The viscoelastic parameters of the homogeneous gel media were estimated from the
measured data using the torsional dynamics model and inversion procedure described
in detail in chapter 3, sections 3.2 & 3.5 respectively.
4.2.4 SWE Data Acquisition
Acoustic Radiation Force Impulse (ARFI-)based ultrasound SWE was implemented
on a Verasonics research ultrasound system (Model V1, Verasonics, Inc., Kirkland,
WA, USA) at the Brigham and Womens Hospital in Boston, MA. The implementa-
tion was based on code from Nordenfur (2013). We used an ATL L7-4 transducer,
with 128 elements and an aperture of 38.4 mm, operated at its center frequency of
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Figure 4·2: Torsional Vibration Rheometry Measurement Se-
tups: The tall gel samples setup for measurement on a TA Instruments’
AR-2000 rheometer. Note that a custom built enclosure is place around
the sample to control humidity and thereby reduce the loss of moisture
from the sample during the measurement. The second picture (on the
right) shows the same measurement setup done with no sample present
to measure the contribution of the rotational inertia of the top plate
and shaft to the measured torque.
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5 MHz. The sample and transducer setup is shown in Fig. 4·3(a). The cylindrical
gel sample was placed on its side on a shape-conforming base of clear gelatin. The
gelatin base preserved the cylindrical shape of the sample by minimizing stress con-
centration. It also reduced ultrasound reflection at the boundary. The ultrasound
probe was held vertical and pointing down and it imaged a longitudinal section of the
cylinder. A typical B-mode image is shown in Fig. 4·3(b). The SWE parameters are
described in Fig. 4·3(c). A shear disturbance was excited using three ARFI pushes
located along the center axis of the transducer aperture, at depths of 21.6, 20.2, and
18.8mm, respectively. This corresponds to an F-number of approximately 0.5. The
B-mode image in Fig. 4·3(b) shows the central ARFI push location. All three pushes
were 100µs long with a wait time of 100µs between them. Three pushes were used
mainly for the purpose of generating adequate signal. The distance between the three
push locations is small compared to the shear wavelength. The resulting shear wave
was tracked for 10ms starting 1ms after the last push pulse, with an imaging pulse
repetition frequency (PRF) of 10 kHz. Compounding was performed with 3 angles
(-8°, 0°, 8°). During the 1ms before the first frame was measured, the P-waves had
traveled about 1.5 meters, or well beyond the 38 mm wide ROI.
4.2.5 SWE Data Processing
We separated the shear wave pulse propagation measured in the time domain into its
temporal frequency components via a Fourier transform to obtain shear wavefields at
individual frequencies. ARFI excitation includes a range of excitation frequencies, and
bandwidths from 50 Hz up to 1000 Hz have been reported in the literature (Hall et al.,
2013). In our measurement, we obtained useful signal in wavefields in the frequency
range 100-1000 Hz for the soft gelatin samples and 200-1800 Hz for the stiff gelatin
samples, with a peak in the energy content of the shear waves at approximately 500 Hz
89
Figure 4·3: Shear Wave Elastography Setup: (a) The cylindrical
gelatin sample was placed on a shape conforming gelatin bed and the
L7-4 transducer was setup to image a cross-section through the axis
of the cylinder. (b) B-mode image showing the push location (red
+ symbol) and the region of interest (blue inset rectangle) used for
data processing. (c) The parameters of the Verasonics based acoustic
radiation force impulse (ARFI-)SWE implementation and transducer
parameters.
and 800 Hz, respectively. The shear wavefield encodes the complex wavenumber of
the shear wave, which is related to the shear modulus and the density of the medium.
Dispersion, i.e. frequency dependence of shear wave speed, can be characterized
by estimating phase speed instead of group speed in ARFI-based SWE. This has been
demonstrated in the literature, for example, in Catheline et al. (2004), Deffieux et al.
(2009) and Chen et al. (2009), although accuracy and precision are limited by the
fidelity of the assumed propagation model and signal-to-noise problems. Measuring
shear wave attenuation of the medium has proved even more challenging (Nenadic
et al., 2017; Rouze et al., 2015). Shear waves attenuate due to both material damping
and geometric spreading. To estimate the attenuation caused by the medium, there-
fore, geometrical spreading must be taken into account. Past studies have assumed
spherical or cylindrical propagation Nenadic et al. (2017) for estimating attenuation,
90
but ARFI-generated push excitations are of a finite size and do not comform to either
a point-source or line-source idealizations. As a result, the error in the attenuation
estimates can be as high as 40% (Lipman et al., 2018). We adopted the approach
in Yengul et al. (2018) described in chapter 2 where a forward model of viscoelas-
tic shear wave propagation especially suitable for ARFI-SWE was proposed. A key
feature of this model is that it makes no assumption about the nature of geometric
spreading of the wavefront, nor about the direction of shear wave propagation. A key
feature of the model presented below is that it requires neither precise knowledge of
the spatial or temporal distribution of the source, nor its strength. Instead, it relies
on the assumption that the source distribution is axisymmetric and confined to a
small cylindrical region (r < r0) near the axis of symmetry, and that the medium
through which the wave propagates is homogeneous, linearly isotropic, and infinite.
An inversion technique based on this forward model was used to obtain a robust esti-
mate of the complex shear wavenumber, ks, at individual temporal frequencies. The
frequency dependent phase speed and shear wave attenuation can be calculated from
the complex wavenumber, ks.
To explain the application of this technique briefly, we represent the imaging
plane in cylindrical coordinates (r, z) based on the assumption of axisymmetry about
the excitation axis (r = 0), and consider the measured time-domain shear wave
propagation data, uMz (r, z, t). Here, the subscript z represents the axial, or depth,
component of the particle displacement, u, and the superscript M indicates that it
is a measured quantity. This spatio-temporal data is first separated into individual
frequency components via a Fourier transform along the time dimension, to obtain
UMz (r, z, ω). Then for each frequency, ω, the measured wavefield, U
M
z , is fitted to a
predicted wavefield, Uz(r, z, ω, ks), based on the forward model. The complex shear
wavenumber, ks, is found by minimizing the least squares difference between the
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measured and predicted wavefields outside the source region, i.e. in the region Ω(r ≥
r0). This model-measurement mismatch was defined as
C(ks, ω) =
∫
Ω
∣∣UMz (r, z, ω)− Uz(r, z, ω; ks)∣∣2 drdz∫
Ω
|UMz (r, z, ω)|2 drdz
. (4.1)
The cost function (4.1) is minimized iteratively in three steps: (i) Choose a suitable
radius r0 and an initial guess [Re(ks), Im(ks)]. (ii) For the current guess, ks, evaluate
Uz based on the forward model, and finally (iii) Iteratively update ks to minimize
(4.1):
kopts (ω) = arg min
ks
[C(ks, ω)] . (4.2)
The minimization was performed using the routine fminsearch in the Optimization
Toolbox in MATLAB® (MathWorks®, Natick, MA, USA). The result was a set of two
real positive numbers [Re(ks), Im(ks)], that comprise the complex wavenumber, ks.
Based on an assumed value of mass density, ρ, the complex shear modulus can then
be computed using the relations
cs = ω/ks, (4.3)
µ = ρc2s. (4.4)
4.2.6 Choice of the initial guess for Re(ks), Im(ks)
The initial values of Re(ks), Im(ks) in the optimization in eqn. (4.2) were obtained
from fitting the phase and amplitude attenuation, respectively, of the measured wave-
field in a narrow region near the source depth, located at z ≈ 19 mm. This approach
may be thought of as an application of shear wave spectroscopy (Deffieux et al., 2009).
Estimating ks by this method required assumptions about the direction of propaga-
tion (that the shear wave propagates laterally, or perpendicular to the excitation
axis) and the geometric spreading of the wavefront. We arbitrarily chose cylindrical
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spreading for the initial guess, with the knowledge that any idealized assumption
leads to an inaccurate estimate of the attenuation. The inaccuracy caused by these
asssumptions is mitigated by the optimization described in eqns. (4.1,4.2).
4.2.7 Choice of Source Region (r < r0)
In ARFI excitation, the force distribution is determined by the ultrasound transducer
parameters, the excitation settings and the properties of the material medium, the
latter of which are usually unknown. As a result it may be difficult to know a priori the
source region (r < r0) in the model. Indeed, due to the diffuse nature of the forcing,
in the strictest sense of its definition, r0 was larger than the aperture of the measuring
transducer. However, since the radiation force was focused at a known location and
its amplitude dropped rapidly away from the focus, a practical approximation was
possible. We can define r0 as the radius which when used with the forward model
defined in Yengul et al. (2018), leads to the minimum deviation between the measured
and fitted wavefields, eqn. (4.1). In other words, this approximation assumes that
there is negligible contribution to the wavefield from the forcing that lies outside of
the cylindrical region r < r0, in comparison to measurement noise. An optimal r0 was
thus determined as the r0 that gives the best match between the measurement and
the forward model over all frequencies in the measurement bandwidth. The model
mismatch over all frequencies was quantified as a residual, R, defined as:
R(r0) =
∑
ω
∫
Ω(r0)
∣∣UMz (r, z, ω)− Uz(r, z, ω; kopts )∣∣2 drdz∑
ω
∫
Ω(r0)
|UMz (r, z, ω)|2 drdz
, (4.5)
r0 = arg min
r0
R(r0) (4.6)
The optimizations defined in eqns. (4.2, 4.6) were performed in a nested fashion to
arrive at one optimal r0 and a corresponding frequency dependent shear wavenumber
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ks(ω) for each SWE measurement.
In computing the measured wavefields, we truncated the time-domain data when
the shear wave pulse reached the edge of the region of interest (ROI), which in this
case was the width of the imaging transducer. The slower shear waves in the soft
gelatin reached the boundary of the ROI in about 100 ms, while the faster waves in the
stiff gelatin only needed about 50 ms to reach the boundary. With an imaging PRF of
10 kHz, the frequency resolution in the Fourier transform was therefore 100 Hz in the
case of the soft gelatin and 200 Hz in the stiff gelatin. Using the procedure described
above, frequency depdendent storage and loss modulus estimates were obtained from
the measured ARFI-SWE data: 3 measurements each in all six gelatin samples.
4.3 Results
Six samples of gelatin were measured twice with TVR and thrice with ARFI-SWE
in an interleaved manner, leading to a total of 6 × 5 = 30 measurements of the
shear storage and loss moduli as functions of frequency. As mentioned earlier, all
measurements were performed on the same day to minimize the impact of material
aging. The temperature of the samples over all 30 measurements varied between 21.5–
22.9°C. The maximum ∆T over the 5 measurements of any one sample was 1.2°C (for
sample Soft-1), and the difference was typically well under 1°C for the other samples.
Mass measurements of the samples during the course of all the measurements showed
less than a 0.7% change overall and typically less than a 0.5% change.
The data and results from a a typical TVR measurement are presented in Fig. 4·4.
Figs. 4·4(a) & (b) show the measured torsional stiffness and corresponding model-fit,
eqn. (3.13), for one soft and one stiff gelatin sample, respectively. Figs. 4·4(c) & (d)
show the resulting frequency dependent storage and loss moduli for the corresponding
samples as described by the optimally fit parameters, eqn. (3.19). The optimally
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Figure 4·4: Torsional Vibration Rheometry Results: The red
dots in plots (a) and (b) show the measured magnitude and phase of
torsional stiffness of gelatin samples, Soft-1 in (a) and Stiff-1 in (b),
at 67 individual frequencies spaced linearly in the range 1-100 Hz. The
measurement is fitted to the torsional dynamics model in eqn. (3.13).
The optimal fit, shown as the blue curve in (a) and (b), determines the
SLS model parameters [ke, k1, η] (center schematic). Plots (c) and (d)
show the frequency dependent storage, µ′, and loss, µ′′, shear moduli for
the corresponding samples. The optimally fit SLS model parameters
for sample Soft-1 were [2.40 kPa, 1.79 kPa, 1.46 Pa·s] and for sample
Stiff-1 were [12.4 kPa, 1.47 kPa, 3.07 Pa·s].
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fit parameters of the SLS model for two measurements each on all six samples are
presented in Table 4.2.
Data processing for the SWE measurements on one soft and one stiff gelatin
sample is described in Figs. 4·5 & 4·6, respectively.
The figures illustrate the model-based inversion technique for one wavefield at a
temporal frequency of 400 Hz for both samples. The overall model mismatch, defined
as the residual R in eqn.(4.5), was typically about 5%, and less than 7.5% for all 18
SWE measurements (6 samples × 3 SWE measurements each).
Results from the interleaved measurements on the six samples were compared to
study both intra-sample (Fig. 4·7) and inter-sample (Fig. 4·8) variation of the esti-
mated shear storage and loss moduli. Fig. 4·7 shows the three SWE and two TVR
measurements of one soft gelatin and one stiff gelatin sample. Fig. 4·8 shows the
shear modulus estimates of the three soft and three stiff gelatin samples separately.
The individual curves represent an average of the three SWE and the two TVR mea-
surements for each of the three samples of both kinds of gelatin. For the samples
that were stored and handled identically the inter-sample variation was found to be
small, i.e. the three soft gelatin samples yield shear moduli estimates that showed
good agreement, and so did two of the stiff gelatin samples. As mentioned earlier,
the sixth sample (one of the stiffer gelatin samples) was subjected to significant SWE
measurement and exposure to the environment a day prior to the main data collec-
tion. Figs. 4·8(c),(d) show that the differential handling of this sample resulted in
a significant increase in the measured shear storage modulus, though not in its loss
modulus. This observation is discussed below.
The low intra- and inter-sample variation observed in the TVR and SWE measure-
ments allowed for studying the shear dispersion in the three soft and two stiff gelatin
samples. Fig. 4·9 shows wide frequency-band characterization of the viscoelastic shear
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Sample Meas. ke k1 η
type-# # [kPa] [kPa] [Pa·s]
Soft-1
1 2.40 1.79 1.46
2 2.41 1.84 1.54
Soft-2
1 2.46 9.5×103 2.16
2 2.45 5.1×103 2.19
Soft-3
1 2.39 12.4×103 1.77
2 2.42 1.55 1.62
Stiff-1
1 12.4 1.47 3.07
2 12.0 1.96 3.37
Stiff-2
1 11.9 1.50 3.00
2 11.4 1.93 3.48
Stiff-3
1 18.5 2.35 2.91
2 18.0 2.65 3.02
Table 4.2: Torsional Vibration Rheometry Results
The optimally fit parameters of the SLS rheological model obtained for
two measurements each on the six samples is shown below. Recalling
that the Kelvin-Voigt model is a special case of the SLS model used for
the fit, we note that in 3 of the 12 measurements (with relatively large
k1 value), the optimally fit parameters resulted in a nearly Kelvin-Voigt
like frequency dependence of the shear storage and loss moduli, while
the other 9 are best described by the SLS model over the frequency
range 1–100 Hz.
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Figure 4·5: ARFI-SWE Result in Soft Gelatin. Application of
the forward model of shear wave propagation developed in Yengul et al.
(2018) to an ARFI-SWE measured wavefield at 400 Hz in a soft gelatin
sample. (a) The real part of measured complex wavefield. (b) The
propagated wavefield based on the axisymmetric propagation model.
The model is valid outside the source region, or r ≥ r0, demarcated
by the vertical lines. (c) The difference (a - b). The red solid and
blue dotted lines in (a, b) show a cross section through the wavefields
at the approximate push depth, i.e. at z = 19 mm. The same color
scheme is used to plot the phase angle, the normalized amplitude, and
the normalized real part of the measured and propagated wavefields at
this depth in (d,e,f) respectively, as functions of radial distance from
the (assumed) axis of symmetry. The measured amplitude (e) is noisier
than the phase (d) as expected. The source region which is not used in
the data-fit is greyed out in (d-f).
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Figure 4·6: ARFI-SWE Result in the Stiffer Gelatin. Appli-
cation of the forward model of shear wave propagation developed in
Yengul et al. (2018) to an ARFI-SWE measured wavefield at 400 Hz
in a stiffer gelatin sample. These plots are exactly analogous to the
plots in Fig. 6. Of note is that the shear wavelength at 400 Hz is about
twice as large in the stiffer gelatin and so fewer wavelengths can be
observed in the fixed imaging width of the linear L7-4 transducer. Also
notable is that the optimally determined source region, r ≤ r0, (see
eqn. 4.6), demarcated by the solid black lines in (a-c) and the greyed
region in (d-f), is wider than the corresponding source region in softer
gelatin. Furthermore, (d-f) are plotted on the same y-scale as (d-f) in
Fig. 6 showing that with identical ARFI-push settings, the shear wave
amplitude at 400 Hz in the stiffer gelatin is significantly smaller.
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Figure 4·7: Intra-sample Variation: Results from the interleaved
measurement protocol consisting of 2 TVR and 3 SWE measurements
of shear storage and loss moduli in one soft gelatin sample figs. (a, b)
and one stiff gelatin sample figs. (c, d) are shown here. TVR operates
in the low frequency range from 1–100 Hz while SWE results are in the
range 100–1000 Hz in soft gelatin, and 200–1800 Hz in stiff gelatin.
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Figure 4·8: Inter-sample Variation: Plots showing the mean of
two TVR and three SWE measurements of shear storage and loss mod-
uli in 3 soft gelatin, figs. (a, b), and 3 stiff gelatin, figs. (c, d), samples.
The three soft gelatin samples exhibit only small differences in their
measured shear moduli and so do two of the 3 stiff gelatin samples.
However, the third stiff gelatin sample which was subjected to a dif-
ferent handling protocol exhibited a significant increase in its shear
storage modulus, though not in its shear loss modulus.
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Figure 4·9: Summary of Shear Modulus Measurements in
Gelatin: The shear storage and loss moduli estimates for the soft
gelatin samples are shown in plots (a,b) and those in the stiffer gelatin
samples are shown in plots (c,d). The blue curves show the mean of the
two TVR measurements each in 3 soft and 2 stiff gelatin samples. The
grey region shows the min-max range of these TVR measurements. The
red data points in the higher frequency range show the mean modulus
estimates from 3 SWE measurements of each of the same samples at
individual frequencies, i.e. 9 SWE measurements in soft gelatin and 6
SWE measurements in stiff gelatin. The error bars are the min-max
range of these SWE measurements.
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modulus of the two gelatin materials.
The precision of these measurements at each frequency was quantified via the
measurement variability as: 100 × ‖δµ′ − iδµ′′‖/‖µ′ − iµ′′‖, where δµ is the largest
measured excursion from the mean value at each frequency. For the SWE measure-
ments, the maximum variability was lower than 4.7% at all measured frequencies,
with a mean variability of 2.5%. The TVR measurements for the stiffer gels showed
similarly low variability, with a maximum variability below 3.7% at all frequencies
from 1− 100 Hz. In the softer gels, the TVR variability was higher, with an average
of 7.4% and a peak of 16% at 100 Hz.
4.4 Discussion
The temperature and moisture controlled measurement strategy (e.g., see Fig. 1b)
resulted in low variability between measurements. No trend was visible in the two
TVR and three SWE derived shear moduli estimates and the progressively increasing
timestamps of the successive measurements (see e.g. Fig. 8). This indicated that the
confounding factors associated with gelatin variability were controlled successfully
over this limited set of measurements. Results in Fig. 8, 9 also show that both TVR
and SWE permit precise frequency dependent measurement of the complex shear
modulus, i.e. of both the storage (µ′) and loss (µ′′) moduli.
The storage modulus measured using TVR showed an increasing trend with fre-
quency in both soft and stiff gelatin samples. This trend was consistent with SWE
measurements in a higher frequency range, leading to a change of roughly 30–50%
from low to high frequency. The loss modulus also varied significantly, and approxi-
mately monotonically, within the frequency range measured.
We note that the complex modulus inferred from TVR measurements is obtained
via parameter estimates in a standard-linear solid (SLS) model for the gelatin. As
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mentioned earlier in section 3.3 the Kelvin-Voigt model is a special case of the SLS
model. Since this model has been validated only in the frequency range 1− 100 Hz,
i.e. the frequency range of the TVR measurements, it may not be assumed to apply
outside this frequency range. In particular, this model may not predict the measured
behavior at frequencies below 1 Hz, nor above 100Hz. So the TVR-derived SLS
model parameter estimates are not useful for validating the results from the SWE
measurements. In fact, we have not tested the validity of any model above 100 Hz
because it will necessarily be an approximation of the true material behavior and
likely corrupt the accuracy of the model-independent SWE characterization of the
material parameters.
For the softer samples, the loss modulus as measured by TVR was significantly
higher at 100 Hz than the same quantity measured by SWE at 100 Hz. We attribute
this to energy dissipation during the rheometer measurement caused by modes of
vibration extraneous to the torsional vibration being measured and modeled in the
data processing. Our visual observation of the experiment confirmed significant visi-
ble off-axis vibration of the soft samples during the higher frequency TVR measure-
ments (between 50-100 Hz). Furthermore, we noted greatly diminished or no such
extraneous vibrations in the stiffer samples, and in these samples, the loss modulus
measurements by TVR and SWE are in closer agreement. Therefore, we believe the
TVR measurement is overestimating the shear loss modulus, especially in the soft
samples at higher frequencies. When these vibrations were present, TVR measure-
ment variability was high; otherwise, precision (i.e. variability) was typically about
3− 4%.
Comparison of SWE results between the soft and stiff gelatin samples indicated
that the usable frequency range of ARFI-SWE depends on sample properties. The
model based inversion scheme yielded precise shear modulus estimates in the fre-
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quency range 100-1000 Hz for soft gelatin samples, and in the range 200-1800 Hz in
the stiffer gelatin samples. The shift to a higher usable frequency range in stiffer
gelatin was partly due to the comparatively larger wavelengths in the stiffer gel. The
lower frequency limit was determined by the fixed 38 mm imaging width of the L7-4
transducer which limited the number of wavelengths that could be observed in the
wavefield; this problem was most acute in the stiffer gel at low frequency values,
where wavelength was longest. The higher frequency limit was mostly determined by
signal-to-noise considerations, a problem most acute at higher frequencies.
The impact of measurement noise was much greater on the estimation of shear
wave amplitude attenuation than on the estimation of phase. Measurement noise
therefore presented an additional challenge for shear loss modulus estimation. The
inversion technique based on the model developed in Yengul et al. (2018) enabled
the use of the entire measured wavefield for parameter estimation thereby benefiting
from averaging. This mitigated the corrupting influence of noise and as demonstrated
in Yengul et al. (2018), allowed precise measurements of µ′′ over a wider frequency
band than was possible with our implementation of shear wave spectroscopy (Deffieux
et al., 2009). This coupled with the ability of the model to capture the exact geometric
spreading and polarization of the excited shear waves enabled more accurate estima-
tion of the complex shear modulus than is possible when these effects are neglected
(Nenadic et al., 2017; Rouze et al., 2015).
The frequency ranges of the two measurement techniques in this study, TVR and
ARFI-SWE, had no overlap. This is a limitation of our study, in that the independent
methods cannot cross validate one another. Instead, the results can be seen as a
wide-band characterization of the complex shear modulus (or dispersion) in gelatin
hydrogels using two independent measurements of the same physical samples.
Given the wide frequency range of the measurements here, the frequency depen-
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Figure 4·10: Shear storage modulus plotted on a linear fre-
quency scale: The same data plotted on a log-log scale in Figs. 10(a,c)
are re-plotted here on a linear scale. These plots give a very different im-
pression of the frequency dependence. In particular, the low-frequency
linear extrapolation of the storage modulus is clearly inconsistent with
the low frequency measurements in gelatin. This suggests that a linear
extrapolation to zero frequency of shear storage modulus estimates as
quantified by SWE is likely to disagree with quasi-static measurement
of the shear modulus.
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dence of the shear storage and loss moduli were plotted on log-log plots. Linear
scale plots of the same quantities give a very different impression of the frequency
dependence, see Fig. 4·10, which plots exactly the same data as Fig. 4·9 (a, c) on a
linear scale. In particular, we note that a linear extrapolation to zero frequency of
the shear modulus as quantified by SWE disagrees with quasistatic measurement of
shear modulus provided independently here.
These observations about the frequency dependence of mechanical properties may
help explain variations reported in elastography validation studies. For example,
Oudry et al. (2014) compared four techniques, namely, quasi-static compression, dy-
namic mechanical analysis, vibration controlled transient elastography and hyper fre-
quency viscoelastic spectroscopy, and found significant variance and bias across the
measurements, which they speculated was due to dispersion. Indeed, different tech-
niques/vendors often correspond to mechanical excitations at different frequencies,
possibly explaining in part the observed discrepancies. Both Mulabecirovic et al.
(2016) and Franchi-Abella et al. (2017) assessed strain and shear wave elastography
performance in calibrated gel phantoms with inclusions (CIRS®, Norfolk, VA, USA)
and found high reproducibility within individual techniques but significant biases
between them. Okamoto et al. (2011) compared magnetic resonance elastography
(MRE) measurements in the 100-400 Hz frequency range to a novel dynamic shear
test (20-200 Hz range) and found reasonable agreement in the shear storage modulus
estimates (about 10% variation) but significant differences in the shear loss modulus
estimates. Kishimoto et al. (2017) compared ultrasound-based point SWE and MRE
to rheometry on 5 homogeneous phantoms and found a relative difference between
-25% to +25% in SWS estimates. In all of these cases, dispersion may be responsible
for differences between values reported by different methods.
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4.4.1 Gelatin Hydrogels for Elastography Comparison
Gelatin hydrogels have tissue-like acoustic properties, i.e. the speed of sound and P-
wave attenuation are similar to those of biological tissues, and this similarity makes
them a popular choice for ultrasound imaging and elastography. Moreover, gelatin
is readily available, relatively cheap and is easy to manufacture. Gelatin hydrogels
also exhibit linearly elastic mechanical properties up to relatively large strains of 10%
or more (Hall et al., 1997). Furthermore, imaging contrast with ultrasound, MRI
and elasticity imaging are independently tunable. Agar-based hydrogels were also
considered for this study, but in our experience at least, the addition of ultrasound
scattering agents like graphite or talc tended to make the material too brittle. In
contrast, gelatin hydrogels were more tolerant to both of these scattering agents.
In spite of these desirable characteristics, gelatin hydrogels present significant
challenges when used for the purpose of quantitative elastography comparisons. In
particular, the elastic properties of these gels are higly sensitive to temperature, ma-
terial aging (Hall et al., 1997), moisture loss and testing histories. These potentially
confounding factors must be carefully controlled and accounted for before a meaning-
ful comparison can be made. Strategies such as temperature controlled storage, same
day measurements, identical handling, and an interleaved measurement protocol may
prove necessary.
4.4.2 Identical vs. Similar Samples for Mechanical Testing
When making imaging phantoms, it is common practice to fill a mold of a desired
shape with gel, and then to pour the same gel into a separate mold to create a test
sample. Mechanical or other testing can be performed on the test sample thereby
providing the properties of the gel used to make the imaging phantom. The inter-
sample variability found in this study both partially justifies and partially invalidates
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this practice, however. The inter-sample variability on samples that were handled
identically was found to be small. However, the mechanical properties of a sixth
sample, that was subjected to significant SWE measurements a day prior to the main
data collection, were found to change significantly due to the additional environmental
exposure, see Fig.9(c). This shows that handling and use of an imaging phantom may
alter its properties relative to those of a test sample, and vice versa, depending on
how the two samples are stored, handled, and tested.
4.5 Conclusions
The improved ARFI-SWE technique developed in chapter 2 was used to study disper-
sion in tissue mimicking soft gels. Torsional vibration rheometry (TVR) described in
chapter 3 allowed independent mechanical testing of the ARFI-SWE samples thereby
eliminating two potential confounding factors in comparing or combining results .
The proposed ARFI-SWE was shown to be capable of quantifying complex shear
modulus in homogeneous gelatin hydrogels with an average precision better than 3%
of the complex modulus magnitude, and a worst-case precision of 4.7%, over about
a decade of frequency. By contrast, the precision of TVR measurement was below
4% in the stiffer set of samples, but as high as 16% in the softer samples at higher
frequencies where extraneous vibrations were visible. ARFI-SWE based complex
shear modulus quantification in this study exhibits greater precision and is based on
fewer assumptions than previous studies.
Gelatin is a material that is frequently claimed to be non-dispersive, yet our mea-
surements demonstrate that even a relatively simple material like gelatin exhibits
significant variation in its shear-elastic properties when measured over a wide fre-
quency band. Therefore, in comparing measurements of elastic properties made by
different elastography systems to one another, one must also somehow account for
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their frequency dependence.
110
Chapter 5
Feasibility study on ex-vivo bovine liver
5.1 Motivation
In chapter 2, a model-based inversion technique for ARFI-SWE capable of charac-
terizing the frequency dependent shear viscoelastic properties of homogeneous soft
media, was described. We called this technique Shear Wave Rheometry (SWR)
and used it to characterize dispersion in homogeneous soft gels, as described in chap-
ter 4. In this chapter, the feasibility of SWR measurements in ex vivo bovine liver
tissue is evaluated. This is a small baby step in the direction of evaluating its clinical
applicability.
SWR is based on ARFI-SWE measurement data. ARFI-SWE measurements of
shear wave speed in soft tissues have been reported in the literature, including ex-
vivo bovine, porcine and murine liver and even in-vivo human liver tissue. Shear wave
speed measurement using ultrasound is under active investigation for use in chronic
liver disease management (Dhyani et al., 2017; Ferraioli et al., 2015, 2018). Moreover,
in addition to shear wave speed, there is interest in evaluating whether the shear loss
modulus, or shear wave attenuation, may be of clinical relevance (Sugimoto et al.,
2018; Nenadic et al., 2017). However, characterizing frequency dependence of shear
properties, especially shear attenuation, is challenging and therefore has been less
studied.
Shear wave speed estimates were reported in in-vivo human liver and muscle tis-
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sue over the 100–400 Hz frequency range by Deffieux et al. (2009). More recent work
(Nightingale et al., 2015; Nenadic et al., 2017) has demonstrated successful charac-
terization of the shear wave phase speed and dispersion slope [m/s/kHz] over a small
frequency range. These measurements are hampered by low signal-to-noise (SNR) and
the need for simplifying modeling assumptions. Attenuation estimation is therefore
either not attempted (as in the former) or made using idealized assumptions about
geometrical spreading of the shear waves (as in the latter) that can lead to significant
biases, as high as 41% (Lipman et al., 2018), and as seen in our measurements later
in this chapter. These are the two challenges that we hope to address using SWR.
Unlike previously reported models for ARFI-SWE inversion, SWR faithfully mod-
els the vector nature of shear wave propagation in viscoelastic media. It also makes
no assumption about the nature of the geometric spreading. It does, however, assume
tissue homogeneity and isotropy, at least locally over the imaging field of view. This
leads to an important constraint on the kinds of tissues where it can be applied. In
particular, it rules out anisotropic tissues, such as muscle, which has a distinct fiber
orientation, and inhomogeneous tissues, such as breast and prostate containing focal
lesions. The model may be useful for the characterization of diffuse diseases in rela-
tively homogeneous tissues – liver fibrosis and steatosis being prime candidates. The
model also assumes axisymmetric propagation of the shear wave generated by the
ARFI-push. In checking feasibility of the approach, therefore, we need to evaluate
each of these assumptions: Isotropy, Homogeneity and Axisymmetry.
The results obtained from SWR will be compared to shear modulus estimates
obtained from group speed measurement and our implementation of shear wave spec-
troscopy (SWS), described in section 2.3.3 using a cylindrical spreading correction for
the amplitude decay.
112
5.2 Materials and Methods
5.2.1 Liver Tissue Preparation
A whole liver from a small adult bull, weighing about 4.5 kg (10 lbs), was obtained
from a slaughterhouse (Adam’s Farm, Athol, MA) 3–4 hours after slaughter. As
delivered, the liver was almost completely devoid of blood, and packed in a thermally
insulating meat bag. The blood vessels in the liver when drained of blood contain
air pockets. These lead to undesirable ultrasound imaging characteristics like bright
spots and streaks in the b-mode image. To address this, the liver pieces were degassed
by placing them in a vacuum chamber (Pump Model DAA-V715A-EB, Gast Mfg. Co.,
MI, USA) for two hours while immersed in water. Liver tissue was degassed while
immersed in a saline solution. Isotonic saline solution was prepared using deionized
and degassed water with sea salt (9 g/l or a 0.9% concentration by weight.) Degassing
was done in a cold room at 4°C for two hours. The ARFI-SWE equipment were
operated at room temperature but the tissue container was immersed in an ice bath
to maintain a stable cold temperature, 4°C.
The small size of the vacuum chamber used for the degassing required the liver to
be cut into 4 pieces, approximately 6-8” square X 2-4” thickness. The degassed liver
pieces were placed in Tupperware containers with an ultrasound absorptive rubber
pad was placed at the bottom of the containers.
5.2.2 Shear Wave Elastography Setup
Ultrasound imaging and shear wave elastography (SWE) measurements were per-
formed with an L7-4 linear array transducer (128 elements) connected to a Verason-
ics research ultrasound system (Model V1, Verasonics, Inc. Kirkland, WA, USA).
Ultrasound imaging and ARFI-SWE were performed through the liver capsule with
ultrasound gel used as the coupling medium between the transducer face and the liver
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Figure 5·1: The setup for an ARFI-SWE measurement on degassed
liver tissue is shown. The L7-4 transducer is connected to a Verasonics
V1 system (not shown). In (b) the tissue container is shown with the
ice bath used to maintain the tissue at a stable 4°C.
tissue. The measurement setup for both studies is shown in Fig. 5.1.
ARFI-SWE settings used were identical to the settings used for the dispersion
study in soft gels and are described in detail in chapter 4, section 4.2.4. A shear
disturbance was excited using three ARFI pushes located along the center axis of
the transducer aperture, at depths of 21.6, 20.2, and 18.8mm, in that order. This
corresponds to an F-number of approximately 0.5. All three pushes were 100µs long
with a wait time of 100µs between them. Three pushes were used mainly for the
purpose of generating adequate signal. The distance between the three push locations
is small compared to the shear wavelength. The resulting shear wave was tracked
for 15ms starting 1ms after the last push pulse, with an imaging pulse repetition
frequency (PRF) of 10 kHz. Compounding was performed with 3 angles (-8°, 0°, 8°).
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An algorithm based on 2D-autocorrelation (Loupas et al., 1995) was used to compute
the shear wave particle velocity from the high-speed imaging data.
The shear wave pulse propagation measured in the time domain was separated into
its temporal frequency components via a Fourier transform to obtain shear wavefields
at discrete frequencies. The shear wavefield encodes the complex wave number of the
shear wave, which is related to the shear modulus and the density of the medium.
Assuming that the density was known, the shear modulus was estimated using the
model-based inversion technique described in chapter 2.
5.3 Study Design
The goal of this feasibility study was to investigate two primary questions:
1. Is it possible to estimate the complex frequency-dependent shear modulus of
bovine liver tissue using SWR? If so, what is the frequency bandwidth possible?
Can we characterize the precision of such measurements?
2. Are the material modeling assumptions in SWR valid? In other words, is it
appropriate to assume homogeneity and isotropy in liver tissue?
These questions were investigated using multiple ARFI-SWE measurements at several
locations and using multiple transducer orientations at each location. A detailed
description of the measurements follows.
For these measurements, the L7-4 transducer was mounted in a 4 degree-of-
freedom (DOF) positioning stage (Velmex Inc., New York, NY) as shown in Fig.
5.2. The positioning stage had 3 translational DOFs for the transducer and one rota-
tional DOF for the tissue. The rotation stage allowed precise control over the rotation
of the liver tissue about the median long axis of the L7-4 transducer (oriented along
the Z- or imaging-depth direction and passing through the center of the transducer
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Figure 5·2: The setup for Study-2 is shown. The L7-4 transducer is
mounted to a 3-axis positioning stage. The tissue container in the ice
bath is placed on a rotation stage. The transducer median long-axis is
aligned with the axis of rotation of the rotation stage. (a) shows the
rotation stage being tested using a gelatin phantom. (b) shows the liver
tissue in an ice bath which occludes the rotation stage that is under it.
aperture). The axis of rotation of the rotation stage was previously aligned with the
transducer axis based on b-mode imaging done in a water bath containing a metallic
hexagonal nut located at the center of rotation.
Three locations in the liver tissue were identified for ARFI-SWE measurements.
These were selected based on b-mode imaging to identify relatively uniform tissue
structure that was devoid of major blood vessels and structural asymmetry in the
approximately 40 mm diameter and 40 mm deep cylindrical region, covered by each
measurement. A total of 17-20 ARFI-SWE measurements were performed at each
location in succession as described below:
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Figure 5·3: Several measurements were made with tranducer orien-
tations from 0–360 deg. in steps of 30 deg as shown. The transducer
aperture at the reference orientation of 0 deg. is shown by the blue rect-
angle. Additional measurements were made to assess repeatability at
the reference orientation and with small lateral excursions as mentioned
above. The volume of tissue probed by each individual measurement is
a cylinder of diameter 40 mm.
1. Measurement 1: For reference, we denote this position as the initial or 0-degree
orientation of the transducer.
2. Measurements 2–13: For each of these measurements, the rotation stage was
successively rotated counterclockwise about its axis in steps of 30 degrees, see
Fig. 5.3. Thus Measurement #2 was at 30 degrees, #3 was at 60 degrees and
so on until measurement 13, which was at 360 degrees, which is nearly identical
to the initial orientation (0 degrees).
3. Measurement 14: This is a repeat measurement with no changes made since
Measurement 13.
4. Measurements 15,16: Rotation stage was rotated to the ± 5 degree position
relative to 360 degrees, respectively.
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5. Measurements 17, 18: Transducer is moved 3 mm in the lateral direction for#17,
and then a further 3 mm for #18.
The temperature of the tissue was noted at the beginning and end of each set of
measurements. Locations 1 and 3 followed the transducer rotation protocol described
above, i.e. the liver sample was rotated about the long axis of the transducer. For
the measurements at Location 2, the liver sample was rotated about an axis parallel
to the transducer long axis but offset by 1–2 inches. This led to a larger volume
of tissue sampled by the 18 measurements at Location 2, as these measurements
involved both a translation as well as a rotation of the transducer axis. This larger
volume was not visually inspected apriori for the absence of large blood vessels or
other such inhomogeneity, and this may serve as a more randomly selected volume
for measurement evaluation. Results from both protocols will be compared when
comparing results at the three locations.
5.4 Results
5.4.1 Measuring Dispersion
As described earlier, ARFI-SWE measurements were made at several transducer ori-
entations and two laterally shifted positions at 3 locations in the liver tissue. The
b-mode images obtained from 6 different measurements at Location-1 are shown in
Fig. 5.4. For the measurement at Location-1 with 0-degree orientation, snapshots of
the resulting shear wave disturbance are shown in Fig. 5.5.
The spatio-temporal data obtained from each ARFI-SWE measurement was sep-
arated into individual frequency components via a Fourier transform along the time
dimension. The ’energy’ content of the shear wave disturbance generated was cen-
tered at about 100 Hz and spanned approximately 1 decade in frequency from 25-250
Hz. Energy was defined as the sum over all pixels in the wavefield of the squared
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Figure 5·4: B-mode images at location 1 are shown. The blue outline
shows the ROI for the shear wave particle velocity estimation and the
3 ARFI-push locations are indicated by the red ’+’ sign. Note that
features in the b-mode images depend on the transducer orientation.
The b-mode image at 360 deg. orientation is almost identical to the
one at 0 deg. orientation, as expected. The lateral shift of 6 mm also
produces a change in the b-mode features.
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Figure 5·5: Time-domain snapshots of the shear wave disturbance at
intervals of 1 ms from the start of the ARFI-push excitation (t = 0).
These are from the measurement at Location 1, 0 deg. orientation.
complex particle velocity at that frequency. It was evaluated in the domain outside
of the push region, or ΨO, see Fig. 2.1. The shear wavefields at 6 frequencies from
25-250 Hz are shown in Fig. 5.6.
The model-based inversion was performed for all measurements at all three loca-
tions. Figs. 5.7-10 show the results from fitting individual wavefields at 150 Hz at
four orientations 0, 90, 180 and 360 deg. from the measured dataset at Location 1.
The resulting frequency dependent complex shear modulus estimates are shown
in Figs. 5.11-12. As seen there, precision in the measurements at one orientation is
better than the precision when orientation is changed over the 0-360 deg. range of
rotation and the lateral translations. This may be expected due to inhomogeneity
and/or anisotropy in bovine liver tissue under the conditions described earlier.
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Figure 5·6: Measured shear wavefields at Location 1 at 6 frequencies
from 25–250 Hz are shown in subfigures (a–f) on the same grayscale. It
is clear that the amplitude is greatest in the wavefield at 100 Hz. Note
also that these wavefields are visibly less symmetric than the wavefields
measured in homogeneous gelatin hydrogels (chapter 4).
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Figure 5·7: Location 1, 150 Hz, 0 deg.: Estimation of unknown
material parameters using the model-based inversion procedure devel-
oped in chapter 2 on the measured wavefield at 150 Hz. (a) The real
part of the measured wavefield. (b) The propagated wavefield based
on eqn. (2.20b). (c) The error, i.e. (a-b), in source-free region r > r0.
The propagated wavefield captures over 90% of the “energy” in the
measured wavefield. Plot (d) shows the phase and plot (e) shows the
amplitude of the wavefield along z = 0, both as functions of lateral
width (radius in the axisymmetric model). Note the greater presence
of noise in the amplitude plot (e) than in the phase plot (d). Plot (f)
shows the real part of the wavefields along z = 0. Plots (d-f) show
good agreement between the given data and its optimal fit, at a shear
modulus estimate of approximately µ = (2.8 + i1.5) kPa
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Figure 5·8: Location 1, 150 Hz, 90 deg.: The corresponding re-
sults for the 90 degree orientation. Notice that the measured wavefield
has some artifacts in the top-left quadrant but the model-based fit-
ted wavefield fits the shear wave related features while suppressing the
artifacts.
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Figure 5·9: Location 1, 150 Hz, 180 deg. Orientation: The
corresponding results for the 180 degree orientation. Note that the
measured asymmetric features in the wavefield at 0 deg. appear as
left-right mirror image of the wavefield at 180 deg., as expected. The
model assumes symmetry and so fits only the symmetric features in
both wavefields.
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Figure 5·10: Location 1, 150 Hz, 360 deg. Orientation: The
corresponding results for the 360 degree orientation. Note that while
the measured and fitted wavefields at each of the orientations are not
identical, the fitted complex wave numbers are in agreement.
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Figure 5·11: Repeatability Assessment: Comparing 7 mea-
surements at one Orientation with measurements at 7 orien-
tations: (a) The mean and standard deviation of the shear storage
and loss modulus estimates obtained from 7 ARFI-SWE measurements
at Location 1 within ±5 deg. of 0 deg. orientation. (b) Corresponding
results for 7 measurements made by rotating the transducer about its
long axis in steps of 60 deg. i.e. these measurements were at orien-
tations of 0, 60, 120, 180, 240, 300, and 360 deg. Only 7 out of the
measured 13 rotational positions are used for this plot to keep the cal-
culation of standard deviation consistent in both plots. Notice that
the mean values are not significantly different but the standard devia-
tion is noticeably higher in (b) compared to (a). This shows that the
estimated shear modulus has some orientation dependence.
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Figure 5·12: Comparing 7 measurements at 1 Orientation with
20 measurements in all orientations: The corresponding results
from fig.5.11 but using all 20 measurements made at Location 1 for
subplot (b). This again gives an estimate of the variability due to
orientation dependence in the estimated shear modulus for liver tissue.
Fig. 5.13 shows a comparison of results obtained from SWR to those obtained from
our implementation of shear wave spectroscopy (SWS) with the cylindrical spreading
assumption and from group speed estimation. SWS results are in reasonable agree-
ment with SWR results in the 25-250 Hz range. The large standard deviation in SWS
results shows the susceptibility of SWS to measurement noise.
5.4.2 Quality Metrics
The model-based inversion procedure leads to two measurement metrics that may
serve as a quality-check on the results obtained from SWR. First, the model-
measurement mismatch can be quantified using a L2-energy norm. This is the same
quantity that was defined as the cost-function in the minimization procedure for find-
ing the optimal complex wave number, ks, see Eqn. 4.2, to find a measured shear
wavefield. A large mismatch is an indication that the model does not fit the mea-
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Figure 5·13: Comparison with Shear Wave Spectroscopy: SWR
result from the 20 measurements at location 1 are compared with
the corresponding result from our implementation of shear wave spec-
troscopy (SWS). The mean and standard deviation over 20 measure-
ments of the storage modulus are plotted in (a) and loss modulus in
(b). Notice that mean values obtained from SWS show reasonable
agreement with SWR but the variance is considerably higher in SWS.
This shows the noise-rejection capability of SWR as a result of using the
entire shear wavefield as opposed to using a small sliver of the wavefield
used by SWS. Shear modulus estimates obtained using group speed es-
timation is shown in magenta with one standard deviation shown in the
grey. Note that the group speed estimate only estimates a real shear
modulus (shown as the storage modulus here) and does not provide
information about its frequency dependence.
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surement while a low mismatch (typically less than 10%) is an indication that the
model, in spite of its assumptions of homogeneity, isotropy, and axisymmetry, matches
the measurement. This increases the confidence that the estimate obtained for the
complex shear wave number is a good representation of the shear properties of the
medium under investigation.
Second, even before the model-based inversion procedure is tried, the left-right
asymmetry in the wavefield can be quantified as an asymmetric energy norm. Asym-
metric Energy (or Asymmetry) is defined as the sum-squared magnitudes of the dif-
ference between left and right halves of the wavefield. This can be normalized by the
‘energy’ in the wavefield, which can be equivalently defined as sum-squared magni-
tudes of the particle velocities at all pixels in the wavefield. Since the model assumes
axisymmetric shear wave propagation in a homogeneous isotropic medium, any asym-
metry is a violation of the model assumptions. If the asymmetry is larger than the
energy of the measurement noise, it is a warning signal that the measurement does
not conform to the model assumptions and results are likely to be unreliable. A low
asymmetry, on the other hand, is an indication that the medium may be homogeneous
and that the model-based inversion and SWR results will be reliable. Low asymmetry
is thus a necessary but not a sufficient condition for the success of SWR.
We can observe from Fig. 5.14 that SWR measurements are likely to be most reli-
able in the 25-250 Hz frequency range where the shear wave signal-to-noise is highest
and the asymmetry ratio as well as the model-mismatch are small (under 15%). We
shall therefore focus on the results obtained over this 1-decade wide frequency range
in the following figures.
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Figure 5·14: Energy Spectrum and Model Quality Metrics:
(a) The energy spectrum of the generated shear wave is shown here
in the blue curve. Energy in the wavefields at individual frequencies
from 25–500 Hz is quantified and normalized by the sum of wavefield
energies in the same frequency range. It is notable that the shear wave
energy peaks near 75 Hz and drops rapidly on both sides. The left-
right asymmetric energy in the wavefield is shown in the red curve.
The plot shows 7 blue and red curves corresponding to 7 measurements
at location 1 with transducer orientation set to 0 ± 5 deg. (b) The
ratio of the red to blue curves in (a) is shown here in magenta. This
shows a ratio of the asymmetric energy in the wavefield to the total
energy in the wavefield. A low asymmetry ratio is favorable to the
shear wave model used in SWR because the model assumes symmetry.
The 7 black curves show the measurement-model mismatch, measured
as a normalized L2-energy norm (Eqn. 4.5). It is notable that the
model mismatch closely follows the model asymmetry. Above 250 Hz,
when the wavefield energy is low enough to be close to the noise floor
(indicating poor measurement signal), both asymmetry and mismatch
are likely dominated by measurement noise.
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Figure 5·15: SWR Results at 3 locations: The shear storage and
loss moduli estimates for three locations in the bovine liver are shown
in plots (a,b). The curves show the mean of the 17-20 measurements at
each location. The error bars show one standard deviation over those
SWE measurements. Location 2 datapoints are offset by +3 Hz and
Location 3 datapoints are offset by -3 Hz simply to not occlude one
another. Note that bovine liver exhibits significant dispersion over this
1 decade of frequency from 25-250 Hz: a factor for 4 increase in shear
storage modulus and a factor of 10 increase in the loss modulus.
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Figure 5·16: Orientation Dependence at Location 1: (a) shows
the storage and loss moduli estimates at three chosen frequencies: 100,
150 and 200 Hz. Although individual frequency datalines are not
marked, the dispersion observed in the results in Fig. 5.15 makes it
easy to identify the individual frequencies. Both moduli show a mono-
tonic increase with frequency in this range, so that the topmost line
corresponds to 200 Hz, the next one down to 150 Hz and lowest line
to 100 Hz. Note, that the measurements at ±5 deg. orientations, the
repeat measurements at 360 deg. orientation and measurements with
lateral shifts are shown to the right of 360 deg. data points, just for
completeness.
5.4.3 Orientation Dependence
The individual measurements at the three locations which are plotted as a mean and
std. deviation in Fig. 5.15 can be individually plotted as functions of orientation to
study the orientation dependence of the shear modulus estimates. This is shown in
Figs. 5.16-18 for the three locations for measurements at three chosen frequencies
each. The quality metrics obtained from those individual measurements are also
shown subplots (b) in those figures as functions of orientation. The purpose of these
plots to observe any cyclic periodicity in the results with orientation angle.
There is no obvious periodicity in the results obtained visible to the eye in Figs.
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Figure 5·17: Orientation Dependence at Location 2: Results
corresponding to the results in Fig. 5.16 but at Location 2. Note that
at this location there appears to be slightly higher variation with ori-
entation. This may be caused by the larger traversed volume in the
measurements at Location 2.
Figure 5·18: Orientation Dependence at Location 3: Results
corresponding to the results in Fig. 5.16 but at Location 3.
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5.16-18. Of greatest interest is periodicity of once/revolution and twice/revolution.
These can be indications of transducer asymmetry and/or material anisotropy or
inhomogeneity. This was analyzed by doing a 12-point Fourier transform of the 12
measurements made over the 0-360 degree range in steps of 30 deg. Results from
this Fourier transform are plotted in Figs. 5.19-21, which show the amplitudes of the
cyclic frequency components in the shear moduli estimates, and Figs. 5.22-24, which
show amplitudes of the cyclic frequency components in the quality metrics.
Of greatest interest in the n = 2 cyclic frequency component (peak-2, for short)
which is a measure of anisotropy. The n = 0 component (peak-0) represents the mean
value over all measured orientations. Peaks 1–6 are the undesirable orientation de-
pendent variations that would be absent in an ideally homogeneous isotropic medium
with perfect measurement technology. Peak-2 in the shear storage modulus is higher
than Peaks 1,3–6 in 11 cases out 18 analyzed in Figs. 5.19-21. These are for Location
1: 25, 50, 100, 150 Hz, for Location 2: 100, 150, 200, 250 Hz, and for Location 3: 50,
100, 150 Hz. Relying on the physics of the experiment, we can say that when Peaks-
1&2 are not noticeably higher than Peaks 3-6, all Peaks 1-6 are likely caused by lack
of repeatability (measurement noise, asymmetry and model uncertainty). Therefore
the height of Peak-2 can serve as a measure of anisotropy and the heights of Peaks 3-6
can serve as a measure of measurement variance. The latter contributes to Peaks-1$ 2
also, of course. In the majority of the cases shown, all these peaks are small compared
to Peak-0 (the mean), and usually well below 10% of the mean value, but sometimes
as high as 15%. The only two exceptions are Location 3 at 25 Hz where Peak-1 is
approximately 40% of Peak-0, Location 1 at 50 Hz, where Peak-2 is approximately
30% of Peak-0. Both 25 Hz and 50 Hz are close to the margins of the measurable
frequency range and have rather small values of the shear modulus, which makes it
challenging to measure them with precision.
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Figure 5·19: Cyclic Frequency Component Analysis at Loca-
tion 1: A 12-point Fourier transform of the 12 measurements made
over the 0-360 degree range. The n = 0 component (peak-0) repre-
sents the mean value over all measured orientations. Peaks 1-6 are the
undesirable orientation dependent variations. Of greatest interest are
Peaks-1&2 which may indicate transducer asymmetry and/or material
inhomogeneity, or material anisotropy, respectively. At this location,
peak-2 appears significant in the measurements at 25, 50, and 100 Hz
but not at higher frequencies.
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Figure 5·20: Cyclic Frequency Component Analysis at Lo-
cation 2: Peaks-1&2 are not significant compared to Peak-0 at any
frequencies.
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Figure 5·21: Cyclic Frequency Component Analysis at Loca-
tion 3: At this location, peak-2 appears significant relative to peak-0
in the measurements at 50 and 100 Hz, but not at higher frequencies.
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From these results, we conclude that homogeneous isotropy is a reasonable as-
sumption for the bovine liver under study because errors caused by anisotropy are
on the same order as the measurement variance. Moreover, of all the factors consid-
ered (lack of axisymmetry, anisotropy, inhomogeneity, dispersion, and measurement
noise), dispersion is by far the biggest source of measurement variability. That is,
a measurement at 200Hz at one location is significantly different from a measure-
ment at 50Hz at the same location, regardless of orientation. On the other hand, all
measurements at 200Hz in all locations, and at all orientations, are substantially the
same.
5.4.4 Quality Metrics Revisited using all datapoints
The 20,18, and 17 ARFI-SWE measurements at Locations 1, 2, and 3, respectively, in
the bovine liver, leading to complex shear modulus estimates at 11 frequency points
each over the 25-500 Hz frequency range, lead to 605 measurements each for both
the storage and loss modulus. The two quality metrics described earlier, Wavefield
Asymmetry and Model Mismatch, were computed for each of these 605 datapoints.
This collection of datapoints can be visualized to see correlation between the quality
metrics and the deviation from mean of the shear moduli estimates, as shown in Figs.
5.25-26.
5.5 Discussion
Results from the feasibility study show that SWR allows for the frequency-dependent
measurement of the complex shear modulus in ex vivo bovine liver tissue. More-
over, these measurements are possible over a wider frequency band and with greater
precision than shear wave spectroscopy (SWS). More specifically, the following obser-
vations can be made based on the measurement results obtained:
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Figure 5·22: Cyclic Frequency Component Analysis at Loca-
tion 1: A 12-point Fourier transform of the 12 measurements made
over the 0-360 degree range extended to looking at cyclic components
in the quality metrics of Asymmetry and Model Mismatch/Error.
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Figure 5·23: Cyclic Frequency Component Analysis at Loca-
tion 2.
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Figure 5·24: Cyclic Frequency Component Analysis at Loca-
tion 3.
141
Figure 5·25: Modulus Deviation vs. Quality Metrics: As shown
in the modulus vs. frequency curves for Locations 1-3 in Fig. 5.18, a
mean estimate for the storage and loss moduli as a function of frequency
were obtained based on 17-20 measurements at each location. The
absolute value of the deviation from this mean is plotted here as a
function of the model energy mismatch in (a) and of the wavefield
asymmetry in (b). The storage modulus is plotted as a solid dot and
the loss modulus as an open circle. The number of points at each of
the three locations is: no. of meas. X 11 freq. from 25-500Hz. This is
approx. 200 data points at each location, leading to a graph containing
605 points each [(20 + 18 + 17) × 11] for both the storage and loss
modulus. Note that there is a strong correlation between high model
mismatch and high wavefield aysmmetries with higher deviations in the
moduli estimates.
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Figure 5·26: Modulus Standard Deviation vs. Mean Qual-
ity Metrics: The data from Fig. 5.25 is now plotted as the standard
deviation of the storage and loss modulus at each location over the 17-
20 measurements vs. the mean model energy mismatch and the mean
wavefield asymmetry at each of 11 frequencies from 25–500 Hz. The
storage modulus is plotted as a solid dot and the loss modulus as an
open circle. This graphs contains 11 points each for both the storage
and loss modulus estimates at each of 3 locations. Note once again,
that there is a strong correlation between high model mismatch and
high wavefield aysmmetry with higher standard deviations in the mod-
uli estimates. This correlation is true at all three locations. Also,
the relationship appears to hold at all frequencies in the measurement
range. Finally, the relationship between the X- and Y- axes is not lin-
ear - in particular, there appears to be a certain threshold before wave
asymmetry begins to lead to large variance in the moduli estimates.
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1. Frequency Range: The ARFI-push is capable of producing measurable shear
waves over a frequency band of a decade or more. SWR which uses the entire
measured wavefield thereby allows material parameter estimation over a wider
range of frequencies than previously reported techniques. Moreover, SWR pro-
vides viscoelastic characterization of the shear properties of soft tissue that is
independent of any particular material model. The actual frequency range of
the measurement, however, depends not only on the ARFI-SWE parameter
settings but also on the tissue properties. More specifically, SWR obtained
measurements in bovine liver in the frequency range 25–250 Hz, of soft gelatin
samples in the 100–1000 Hz range, and of the harder gelatin samples in the
200–1800 Hz range, even though the same diagnostic ultrasound transducer,
L7-4, and identical ARFI-SWE parameters were used in each of three media.
2. Axisymmetry: The left-to-right asymmetry in the measured shear wavefield
can be quantified and serve as a metric to estimate the axisymmetry (or lack
thereof) of the shear wave propagation. Low asymmetry is a necessary (but not
sufficient) condition for axisymmetric propagation and can serve as a quality
metric on SWR results.
3. Homogeneity and Isotropy: An ‘energy’ metric based on the mismatch
between the fitted wavefield and the measured wavefield can serve as a mea-
sure of the appropriateness of the forward modeling assumptions (axisymmetry,
isotropy, and homogeneity) and thus provide a second quality metric on SWR
results.
4. Anisotropy Metric: The measurements made at 13 transducer orientations
along the axis of symmetry allowed for a rough estimate of tissue anisotropy.
The n = 2 circular spatial frequency component along the θ direction was found
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to be present but was usually small in magnitude (roughly on the order of 10%
or lower) in relation to the mean estimates of storage and loss moduli in the
25–250 Hz measurement frequency range. Moreover, they are often of the same
order as the n = 3–6 components which do not relate to a single preferred
direction. This suggests that the impact of anisotropy in the liver tissue at the
three measured locations are of the same order of magnitude as the measurement
variability inherent to the measurement.
5.6 Conclusion
SWR enabled precise measurement of the frequency-dependent complex shear modu-
lus in bovine liver tissue over a decade of frequency. Bovine liver exhibits significant
dispersion over this 1 decade from 25-250 Hz: a factor for 4 increase in shear storage
modulus and a factor of 10 increase in the loss modulus. Errors caused by anisotropy
and/or inhomogeneity are on the same order as the measurement variance. More-
over, of all the factors considered (lack of axisymmetry, anisotropy, inhomogeneity,
dispersion, and measurement noise), dispersion is by far the biggest source of mea-
surement variability. We can therefore conclude that liver tissue can be reasonably
approximated as a homogeneous and isotropic continuum for purposes of SWR data
processing in this frequency range. The shear wavelength at 250 Hz was approxi-
mately 8 mm, while the wavelength of ultrasound waves used for imaging and the
ARFI-push was 0.3 mm at 5 MHz. The imaging field of view (FOV) at locations 1
& 3 was a cylindrical region of diameter 40 mm and height 35 mm. At location 2,
the FOV for each individual measurement was the same size, but it changed from
measurement to measurement, as the transducer swept over a wider region, due to
the offset in the axis of rotation.
The following caveats apply to observations made above: (1) These modeling
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assumptions were validated only under the conditions described in this study, i.e.
when fresh liver tissue was degassed immersed in saline and kept refrigerated at 4°C.
(2) Major blood vessels were excluded from the SWE FOV guided by ultrasound
b-mode imaging, and (3) shear wave propagation was investigated primarily in the
25–250 Hz frequency range at in a shallow depth range of 5–35 mm.
The ability of SWR to estimate averaged viscoelastic properties over the entire
measured wavefield may enable accurate and precise tissue characterization even in
the presence of significant measurement noise, as shown using simulated data in Chap-
ter 2, and with repeated ex-vivo tissue measurements described in this chapter. Ma-
terial property estimation using the entire FOV may also help overcome problems
associated with sampling errors. The two quality metrics proposed can serve as a
check on the material and modeling assumptions inherent in SWR. Since the model
does not require detailed apriori knowledge of the source distribution, it is hoped to
prove suitable for clinical applications, where patient-to-patient variability can lead
to differences in the temporal and spatial characteristics of the generated shear waves.
Viscoelastic material model independent characterization of the frequency dependent
shear properties will help in explaining discrepancies between elastography techniques
reported extensively in the literature.
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Chapter 6
Coda: Concluding Remarks
6.1 Key Conclusions
The main contribution of this thesis is the development of two rheometry techniques
for improved characterization of dispersion in soft tissues and tissue-mimicking gels.
Novel hardware and software were developed to characterize frequency dependence of
the complex shear modulus in homogeneous media over a wide frequency range.
The first technique, which was named Shear Wave Rheometry (SWR), uses
ARFI-SWE measurements, and was shown to be both more accurate (using simu-
lated data) and more precise (using measurement data), than previously reported
techniques in the literature, even in the presence of significant measurement noise.
Moreover, SWR is capable of measuring both the shear storage and loss moduli when
most commercial ARFI-SWE implementations only measure the (group) shear wave
speed. The second technique, called torsional vibration rheometry (TVR) allows inde-
pendent mechanical characterization of large samples that are suitable for ARFI-SWE
measurement.
Results show that ex vivo bovine liver tissue exhibits significant dispersion in the
25-250 Hz frequency range, see fig. 5·15. Even gelatin, which is a relatively simple
material, exhibits frequency-dependence in both its storage and loss shear moduli,
see fig. 4·9.
The thesis demonstrates the two main reasons why we believe that dispersion
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is a primary confounding factor in elastography comparisons: One is that soft tis-
sues and tissue-mimicking gels exhibit viscoelastic behavior and the second is that
elastography measurements are made at different frequencies. The latter is true not
only across different elastography implementations, but also within a particular tech-
nique and measurement protocol. The operating frequency-range of our ARFI-SWE
measurements depended not only on our chosen hardware parameters settings but
also on the medium under investigation. Gelatin-based tissue-mimicking gels yielded
measurements of shear moduli in the 100-1000 Hz frequency range for soft gelatin, in
the 200-1800 Hz range for stiff gelatin, and 25-250 Hz range for bovine liver tissue,
even though the same ARFI-SWE settings were used in all three media. Accounting
for dispersion is therefore essential for a meaningful interpretation of measured shear
viscoelastic properties in soft tissues.
Based on the results obtained in this work, it is hoped that SWR will help im-
prove characterization of soft homogeneous media in both laboratory and clinical
applications. This can facilitate more meaningful comparisons across elastography
and mechanical measurements. Furthermore, dispersion characteristics, or the shape
of the frequency dependence, may prove to be diagnostically useful and thus clinically
relevant, for example, in the management of chronic liver disease (CLD). Cirrhosis of
the liver, an end-result of CLD, is a heterogeneous disease - a review of 118 studies
showed that median survival times ranged widely from 1–186 months (D’Amico et al.,
2006). There are no non-invasive methods available currently to distinguish between
the varying etiologies of CLD and portal hypertension. SWR has the potential to lead
to more accurate staging of fibrosis, and perhaps also enable discrimination between
these different etiologies.
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6.2 Current Limitations and Next Steps
The techniques described in this thesis (i) Torsional Vibration Rheometry (TVR) and
(ii) Shear Wave Rheometry (SWR) have been validated for improved characteri-
zation of shear properties in viscoelastic media. These are relevant to both biomedical
applications as well as in material testing and measurement. The work can be ex-
tended further in a number of ways. The ultimate goal in biomedical applications
is to improve patient care by evaluating the utility of SWR in clinical practice and
implementing it on clinical scanners. In this section, we identify four possible direc-
tions that can be worked on more or less simultaneously towards this end-goal. The
following subsections also serve to identify the limitations of the present work and
how they could be addressed going forward.
6.2.1 A Study of the Parameter Space
All our measurements were made with the L7-4 transducer operating at 5 MHz. More-
over, all the reported measurements in this study used identical ARFI-SWE parameter
settings. Small variations in the parameters was tried but a systematic study of their
effect on SWR bandwidth, accuracy and precision was not undertaken due to time
constraints. Such a study would be of value in optimizing the measurement protocol.
Some of the parameters that could be studied are:
1. Transducer Type (Linear/Curved etc.)
2. Imaging Frequency, Depth and F-number
3. Push-Duration, Number of Pushes and Mach number
4. Imaging frame rate
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The transducer type and its center frequency together determine the field of view,
the image resolution and ARFI-push region. Different transducer arrays have different
focusing characteristics which may be relevant to how the optimal source region is
determined by the inversion scheme in SWR. The strength of the ARFI-push based
shear wave excitation attenuates exponentially with increased push-depth and so
measurements tend to be noisier than those made at shallow depths. The increased
noise poses a significant challenge to phase velocity estimation. SWR which uses the
entire measured wavefield is likely to perform better than methods that use only a
small part of the wavefield, and therefore may provide measurements up to a greater
depth. As the depths go beyond the elevation focus of the transducer (25 mm in the
L7-4), however, the ARFI-push may lose its axisymmetry. This may introduce some
bias in the results from SWR and this is worth studying.
A closely related parameter to push-depth is the F-number which additionally
depends on the number of elements used to generate the push. It will have an influence
on the push-strength as well as the size of the push region. The effect of ARFI-push
duration and the number of pushes used to excite the shear disturbance on signal-
strength and the usable frequency range of SWE measurements is also of practical
interest. As mentioned earlier, the properties of the medium under investigation,
greatly affect the usable frequency range. The shear wave attenuation in the medium
also has an influence the physical size of the shear wavefield that can be used in the
model-fit. Finally, in the case of ARFI-excitation with multiple pushes, the Mach
number can determine the direction of the propagating shear wave pulse. This can
affect estimation of the group speed as well as shear wave spectroscopy results, since
both assume a direction of propagation. It is hoped that SWR, which does not make
any assumption about the direction of propagation, nor its geometric spreading, will
be insensitive to variations in the Mach number. However, it remains to be shown
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that this is true in practice.
6.2.2 Further Validation
The model-based inversion technique (SWR) developed in this thesis was validated
using simulated data and applied to ARFI-SWE measurements in gelatin and ex vivo
bovine liver tissue. The simulated datasets were based on exact solutions of shear
wavefields generated by point, line and finite size axisymmetric sources. Measure-
ments were limited to the L7-4 transducer and within a limited parameter range.
Further validation using more sophisticated simulations and a broader range of mea-
surements is needed to show that SWR processing applies to a general ARFI-excited
shear wavefield. This can be done using ARFI-SWE simulations like the ones reported
by Palmeri et al. (2017) or using measurements in calibrated elastic and viscoelastic
phantoms made under the RSNA-QIBA initiative.
One example of a suitable measurement dataset for this purpose was the one
generated in early 2016 at the Mayo Clinic on two custom manufactured phantoms.
The phantoms were composed of gelatin and an oil-based component used to tune
the viscosity. One phantom was mostly elastic (no oil) and the other had higher
viscosity (10% oil). The phantom materials were independently characterized using a
commercially available rheology tool, Rheospectris C500 (http://www.rheolution.
com/rheospectris-c500.html), to obtain the reference modulus in the frequency
range 30–660 Hz. ARFI-SWE measurements were made on a Verasonics Research
Ultrasound System (Verasonics, Inc., Kirkland, WA, USA) using a L11-4v transducer
operating at 6.25 MHz, a different transducer and center frequency from the L7-4 in
our measurements operating at 5 MHz. The ROI size was approximately 38x38 mm,
push depth was approximately 25 mm and the imaging PRF was 4.444 kHz. Four
repeats at each of three different push locations in the lateral direction were measured
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and saved. This dataset offers an opportunity for validation of both the forward and
inverse model, since the reference moduli are available and measured shear wavefields
can also be simulated.
6.2.3 Application to in-vivo Measurements
Applying SWR data-processing to ARFI-SWE measurements in human subjects
would be a natural extension of this work. The presence of skin and fat layers be-
tween the transducer and the tissue of interest, with stricter limits on ultrasound
exposure, would lead to reduced measurement signal-to-noise. Moreover, these layers
can change the ARFI-push characteristics. This can be first tried on ex vivo bovine
liver (like the measurements in this study) using pork belly between the transducer
and the liver tissue. Performance of the SWR data-processing with different clinical
ultrasound systems and transducers and systems will need to be evaluated. Com-
parison with gold standard methods on diagnostic specificity and sensitivity will be
of keen interest. If found clinically useful, the usable frequency range of SWR-based
ARFI-SWE measurements in human liver may have implications beyond ultrasound
SWE and will also be of interest to other elastography techniques such as MRE.
6.2.4 Going beyond Axisymmetry, Homogeneity & Isotropy
SWR, as described in this thesis, is limited to axisymmetric shear wave propagation
in an infinite, isotropic, and homogeneous medium. All of these modeling limita-
tions can be relaxed at the cost of increased computational expense and/or hardware
complexity.
The ARFI-force distribution produced by an ultrasound transducer is not axisym-
metric in general. The shear wave excitation may therefore have a different size in
the elevational direction compared to its size in the imaging plane. This can, as a
first step, be modeled using asymmetric modes in the circular (or θ) direction, to, for
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example, model elliptical propagation of the excited shear wave. A hardware solution
to this problem is the use of a transducer with a 2-D ultrasound array, which allows
excitation of a more nearly axisymmetric force distribution. This solution also has
the advantage that the 2D array can image the propagation of the excited shear wave
in 3D. This is of course redundant information in the case of a perfectly homogeneous
medium but it could prove valuable in detecting inhomogeneity and anisotropy in
practice.
When 3D propagation measurements are available, the assumptions of homogene-
ity and isotropy can be relaxed as well by using a forward model that solves Navier’s
equation in the non-idealized solid medium. A locally homogeneous assumption may
allow for some averaging for the purpose of overcoming noise problems, as was shown
to be beneficial in our use of the full shear wavefields, while still identifying focal
lesions. The model-based inversion demonstrated in this thesis can also be used with
more sophisticated forward models of shear wave propagation in inhomogeneous and
anisotropic media.
Appendix A
Parameters reported in Elastography
Literature: A Brief Primer
A variety of parameter names and symbols are used to describe tissue mechanical
properties in the elastography literature. This can lead to confusion and even misin-
terpretation of results, especially when comparing results across elastography modal-
ities. For example, some studies report the Young’s modulus (SI unit: kPa) as tissue
stiffness while others report the shear modulus (same units but numerically very dif-
ferent) or shear wave speed (SI unit: m/s), also as tissue stiffness. Neither of these
conform to the engineering definition of the term ‘stiffness’ which typically refers to
the force needed to produce a unit deformation in a 1-dimensional sense (SI unit:
N/m). Likewise, there are at least three different ways to quantify the viscosity of a
medium. Here we attempt to clarify the different uses and explain the choices made
in this thesis.
In MRE studies, the shear modulus is usually denoted by G and reported as a
single real value, typically in units of Pa (pascals) or kPa (1 kilopascal = 1000 pascals).
In the field of solid mechanics, both G and µ are used to denote shear modulus, with µ
more prominent in mathematical treatments of the subject. In viscoelastic materials,
the shear modulus may be modeled as complex and frequency-dependent, for example,
as:
G(ω) ≡ µ(ω) = µ′ − iµ′′ (A.1)
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The real component (µ′) is called the shear storage modulus, and represents the elastic
stiffness of the medium. The imaginary component (µ′′) is called the shear loss mod-
ulus and represents the viscous losses in the system. The names “storage modulus”
and “loss modulus” arise from their respective contributions to the storage and loss of
strain energy, respectively, during the shear deformation of the viscoelastic medium.
This change to complex modulus is analogous to complex electrical impedance in
electrical circuit analysis, but where the real and imaginary components switch roles,
the imaginary component usually represents energy storage via an inductance or a
capacitance, while the real component represents energy dissipation in the circuit.
The parameter tan(δ) is often used to quantify the damping capacity of viscoelastic
materials. This parameter, sometimes also called the loss factor, originates from the
following consideration: In a viscoelastic medium, the strain response to an oscillatory
stress is an oscillation at the same frequency as the stress but lagging behind by a
phase angle, denoted by δ, called the loss angle. It is a measure of the internal friction,
or lossiness, of the material (Findley et al., 1989). and is related to the storage and
loss moduli defined above by the relation (Findley et al., 1989)
tan(δ) =
µ′′
µ′
. (A.2)
The shear loss modulus, µ′′, is also directly related to viscosity, often denoted by
η, and measured in units of Pa·sec, or stress per strain-rate. More precisely, if we
denote the viscosity at a given frequency by η(ω), then
µ′′ = ωη. (A.3)
Young’s modulus, E, is related to G ≡ µ as:
µ =
E
2(1 + ν)
, (A.4)
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where ν is the Poisson’s ratio of the medium.
In an incompressible medium (i.e. one which is much easier to distort than to
compress, with ν ≈ 0.5), the relationship is particularly simple,
E ≈ 3G ≡ 3µ. (A.5)
This is a reason why some elastography studies report Young’s modulus estimates
even though they actually estimate the shear modulus. In those cases where µ is
treated as complex, E as given in (A.5) would also naturally be complex.
Most ultrasound-based shear wave elastography techniques measure shear wave
speed. This is usually denoted by cs and expressed in units of [m/s]. Shear wave
speed is sometimes related to the shear modulus under the assumption of a linear
purely elastic material medium as,
cs =
√
µ
ρ
. (A.6)
These studies usually do not account for the viscosity or dispersion in the medium; to
account for viscosity, at least one additional parameter is required, for example, the
loss modulus µ′′ defined in eqn. A.1, or a shear attenuation coefficient. The latter,
usually denoted by α (Nenadic et al., 2017; Lipman et al., 2018), is the imaginary
part of the complex shear wave number, ks, defined as:
ks(ω) = k(ω) + iα(ω), (A.7)
where k(ω) is the real part of the complex wavenumber. Note that, in general, both
k and α are frequency-dependent. The parameters introduced above (eqns. A.1-A.7)
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along with the density of the medium, rho, are related as follows:
µ(ω) = ρc2s = ρ
( ω
ks
)2
(A.8)
=
ρω2
(k2 + α2)
[
1− i 2αk
(k2 + α2)
]
. (A.9)
In the special case when α k, this equation simplifies to
µ(ω) ≈ ρω
2
k2
[
1− i2α
k
]
. (A.10)
Note that eqns. A.1,A.2 & A.10 lead to the relation:
tan(δ) =
µ′′
µ′
≈ 2α
k
. (A.11)
In the present work, the shear modulus is treated throughout as a complex
frequency-dependent parameter and represented by the symbol, µ, with its real and
imaginary components defined as in eqn.(A.1). Likewise, the shear wave number is
also treated throughout as a complex frequency-dependent parameter and represented
by the symbol, ks. The density of the medium, ρ, is treated as a real constant, i.e.
not a function of frequency.
Appendix B
Elastic-Viscoelastic Correspondence
Principle
In a linear elastic medium, stress is proportional to strain, obeying what is known
as the generalized Hooke’s law. In a non-idealized solid medium, however, stress is
determined not only by the strain but also the strain-rate. In the particular case of
harmonic loading in a linearly viscoelastic solid, the strain response to an oscillatory
stress is an oscillation at the same frequency as the stress but lagging behind by a
phase angle δ. This is called the loss angle and is a function of the internal friction
of the material (Findley et al., 1989). Complex material parameters can be used to
represent this stress-strain relationship. Thereby, a linear, isotropic, homogeneous,
viscoelastic solid may be represented with the same constitutive equation as a cor-
responding elastic solid, simply by treating the Lame´ coefficients, λ(ω) and µ(ω), as
complex rather than real. This is known as the elastic-viscoelastic analogy or the
“correspondence principle” in viscoelasticity (Findley et al., 1989). A more detailed
explanation of this principle is presented below.
B.1 Stress-Strain Relationship
The equation of motion in a solid with zero body force is given by (Mal and Singh,
1991)
∇ · σ = ρ∂
2u
∂t2
. (B.1)
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Here, σ is the stress, ρ is the mass density, and u(x, t) is the displacement field. Under
the assumption of small displacement gradients, the strain-displacement relationship
can be written as (Mal and Singh, 1991)
2ij =
∂ui
∂xj
+
∂uj
∂xi
. (B.2)
This linearized strain tensor is accurate for small deformations, for which the compo-
nents of the displacement gradient tensor are small compared to unity (i.e., | ∂ui
∂xj
|  1).
Equations (B.1) and (B.2) apply to either elastic or viscoelastic solids. Whether a
solid is one or the other depends on the constitutive equation, or stress-strain equa-
tion.
For an isotropic elastic solid, the relation between stress, σ, and strain, , can be
written as (Mal and Singh, 1991)
σij = λ
′δijkk + 2µ′ij. (B.3)
Here, [λ′, µ′] are the classical Lame´ parameters. The so-called correspondence princi-
ple allows us to use an equation similar in form to (B.3) to model a viscoelastic solid
in the frequency domain as shown below.
B.1.1 Special Case: Kelvin-Voigt Viscoelastic Model
For a viscoelastic medium modeled using the Kelvin-Voigt viscoelasticity model, the
stress-strain relation in eqn. (B.3) can be enhanced to include viscous effects as follows:
σij =λ
′δijkk + 2µ′ij
+ ηdδij
∂kk
∂t
+ 2η
∂ij
∂t
, (B.4)
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such that, the two addditional parameters, [η, ηd], together model shear and bulk
viscous effects. We now consider time harmonic response, where the displacement
field can be written as
u(x, t) = Re{U(x)e−iωt}. (B.5)
Similar time dependence extends to the stress and strain variables, by substituting
(B.5) in (B.4) and (B.2). Thus, the stress-strain relationship, in the frequency domain,
becomes:
σij(ω) = λ
′δijkk(ω) + 2µ′ij(ω)
− iωηdδijkk(ω)− iω2ηij(ω) (B.6)
=λ(ω)δijkk(ω) + 2µ(ω)ij(ω) (B.7)
where
λ(ω) = λ′ − iωηd (B.8)
µ(ω) = µ′ − iωη. (B.9)
Comparing eqns. (B.7) and (B.3) shows that this particular form of viscoelastic con-
stitutive equation, i.e. the Kelvin-Voigt model, has the same form as the purely elastic
constitutive equation (B.3), with complex-valued and frequency dependent λ(ω) and
µ(ω) in place of the classical real-valued Lame´ parameters.
B.1.2 General Linear Viscoelasticity
Equations (B.7)-(B.9) show how, through the specific example of a Kelvin-Voigt
model of viscoelasticity, a viscoelastic solid may be represented with the same type
of constitutive equation as a corresponding elastic solid, simply by treating the Lame´
coefficients, λ and µ, as complex rather than real. Indeed, as described in Findley
et al. (1989), all linear isotropic viscoelastic models may be written in the frequency
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domain in the form of equation (B.7), with appropriately chosen functions λ(ω) and
µ(ω). Therefore, the problem of characterizing the linear viscoelastic behavior of a
medium may be reduced to that of determining the frequency-dependent functions,
λ(ω) and µ(ω).
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